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CHAPTER FIVE

lutation Geometry
Tiew of the Conics

5 = 1. Sealar Sense=tization

Crdinary vectors, like force, velocity, etc, have a maznitude
and a direction. Scalars have a magnitude only. If we associate
a scalar with a particula r direction we shall say that we have
sense-tized the scalar. The eccentricity of a conic is a scalar
gquantity. It is convémient for us to sense-tize it with thse dir-
ection of the major axis of the conic under consideration., It will
then have components and we may write it:

[ 1) e = e1¢e7j.
2.
[ 27 e = € + e

We shall now find the Kupation Geometry equation of a2 conic with
the orlgin at one focus. See Fig., 5 -~ 1.

Fige 5 w: ki

Let F be the focus and F M be the directral distance which we shall
designate by d. Let P be a point on the conic. Denote the distance
F P by R. Let P N be the perpendicular distance from P to the dir-
ectal line M N , Designate P N by H. Let the eccentricity have the
direction from ¥ to F, By definition the eccentricity is ziven by
the expression:
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Putting this last expression for H into { 3 ) and clearing of
fractions one obtains the equation:

i &) RuzehdeH'e:K"rR'E*

Here K is the semi-perfolatum. Equation ( & ) is the Mutation
equation of a conic with its focus at the origin and the eccen-
tricity sense-tized along the major axis, We now make the foll-
owing transformation: ( see Fig, 5 - 2 )
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[ 5] R = r « §

Here 5 is the vector from the new origin to the focus of the conic.
U is the vector from the new origin to the center of the conic and
r is the vector from the new origin to any point P on the conic. If
we eliminate the R from ( 4 ) and { 5 ) we obtain:

9
{ 6 ) r={e.r) = 2(S 4} (K-e.5)e) .r

-’r{K-e.S}ﬂ--Si.
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5 = 2. Primal State Equation

We shall call equation ( 6 ) in the last section the Primal
State Eguation. We now write down the general equation of a conic:

o ﬁ.xg"{-Exy-}cyu": Dxt+Ey+F,

-1
We multiply both sides of equation { 1 ) by 2 P and obtain:

2 o
8 d axtbxytey = dxteytf

-1 o | ) -l -1 w1 1-'
(3) adzpB=clC=sdD=aE=fF= 2P,

P is called the Primal State Number of the conic,.

We may write ( 2 ) in the form:

~ %W
(&) axt+bxyt+ecy = h.rtf
(.53 h = 4d1¢ej.
yig®

Here the ¢ in { 2 ) and ( 5 } shoulﬁfbe confused with the eccentri-
city. In the Primal State Equation { 6 ) of the previous section re-
place r and the eccentricity e respectively by:

¢ 6 ) r xid vy j

(% ] e

eli t 8.

obtaining the eguation:

* - . a
(8} (l-g)lx-2goxyd(l-g)y =

{8yl mssaglalortinee. glhag

We shall identify ( 4 } with ( 8 ) exaetly. Comparing coeffici-
ents we geti:
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{ g) 1-e = 8

( 10 ) 1 - e: = e

{11 ) -2ege3= b

{ 32 2(84(K=e.+.8)e)} = h
{ 13) (K-e.8) - 8 = £.

Eliminating e and e, from squations (), { 10 ), and { 11 } we get:
- B
( 14 ) il Ywmm P { et 1 B B
Replacing the a, b, and ¢ in equation { 14 ) by their values in { 3 )
wea cbtain:
1

=i i
(15 ) L (1-24B80(1=-2¢%) = , 875,

Solving the quadratic in ( 15 ) for P we obtain:

( 16 ) P 2 4 ¢+ C ¢ G
( 17 ) v T & + C = G
( 1& ) GO:}/-E_!-]_- S
(19 ) G = (A-~-C)i¢tB 5

~ Thus we have two Primal State Numbers for our conic whose equation
isg:

=1

N -
{ 20 ) Ax4Bxy+Cy = DxtEy+F.
Cur Primal State Equation

{ 2% ) E;ibxﬁftcy’“: dxteys+f



