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CHAFTER SIX

Mutation Geometry View
of College CGeometry

& - 1., The Alpha Postulate in Action

We restate this postulate here: The alpha and omega products are
required to be tempo-locally invariant. These products may be shifted
mentally from here to yon at any time without changing their value
It hes an analogue in plane geometry: figures may be moved from one
place tc another ( at any time ) without changing their shape.

The alpha products sre of the form a . r and the omega products
are of the forma . r b . r . We do a typical construction problem:

Froblem 1. Construct a rectangle to have a given perimeter and with
each of its sides passing thru one of four given points on a plane.

See Fig., 6 - 1 bel@wm_ ! .
¥
H |P G
Di
s JE
Q“”Eé§f ¥
Flgi FJ i l

let A, B, C, and D be the four given points, Let EFCH be the re-
quired rectangie + cuppose side EF passes thru point A, FG thru B,
GH thru € and HE thru D, Designate the vector AC by a and the vector
ED by b. Let the unit vector along EH be denoted by r then the unit
vector along FE will be denoted by F. Let mn = g denote the semi-
perimeter.
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From the statement of the problem we may write the following eq-
uations:

(X)) & X = AP

ot
4

(2) b .

B3

Adding equations ([ 1 ) and ( 2 ) we obtain the following express-
ion:
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We may interchange the slurs on the b and r in the second pro-
duct and obtain the equation:

(& ) 8+ % T.or =z s,

This act of interchanging slurs is in harmony with the alpha
postulate. Tt preserves local invariance and in this case gives us
a common factor r in our single equation. With this change the last
equation becomes:
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(5) La £ B) 2 2 8

Equation ( 5 ) is a composite prototype equation whose solution
for r is piven in equation { 2 ) in section 1 - 2, Ve shall instead
give a mechanical solution for it since that is the goal of our prob-
lem, In Fig. 6 = 1 draw AL perpendicular to and equal to BD. Comp-
lete the parallelogram on AL and AC as ALMC. Put a circle on Al as
diameter, With A as center and 5 as radius cut this circls in the two
points N and N, the later point not shown in the Fig. Connect M and A
to N forming a right angle at N. Draw LU perpendicular to MN. Draw LV
perpvendicular to AN, Thru A and C draw lines perpendicular to AN. Draw
linea thru B and D perpendicular to thes lines forming the rectangle
ZFGH, Draw BS perpendicular to EH let GH cut AN in point P, It
should be pointed out that AL is « We shall now show that the rect-
angle EFGH has its half perimeter equal to AN, The rectanzle satis-
fies the first requirement that each side should pass thru a given
point, Bt., triangles BSD and ALV are congruent since their hypoteni
AL and BD were made equal and the sides of the two triangle a re per-
rendicular, Then

iy = B3 = HF

corresponding parte of congruent triangles being equal,
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Rt. triangles ACP and LM are congruent their hypoteni AC and 1M
being opposite sides of the parzllelogram ALNC and their sides being
parallel., We may then write:

¥ = L = AP = HE.
Adding the last two wquations we obtain the result:
Al = AV ¢+ VN = EF 4 HE g D, { Nov. 20, 1963 ).
It should be peointed out that there will be two, one or no soclu-

tions according as AN is less than, equal to or greater thah Al

Problem 2. Construct a rectangle each of whose sides shall pass
thru a given point and have an area egual to that of a given sauare.
Iet the gziven points be the same as in problem 1. Let h be the side
of the given square. With r defined as in problem l. we may write the
following equation:

(13 fa.r)(bar) = h

Zplintering ecquation { 1 ) with the cmega proposition we obtain

() ' 5
[ 2] aeb 4 baus = 2h
gfha ¥ , 8 = a, .

Eguation { 2 ) mey be written in the form:
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Ecuation { 3 ) is & prototype equation and we may solve it either
mquanicly or analytically. ¥e shall do it mechanically. Put a circle
on b zs diesmeter. With A a5 center and k as radius cut this cirele in
the two points ¥ and ¥, the lster not shown in the diagranm, All gives
ne direction of s, Faving found = we bisect the znsle between s and
2, accordine to the Iutation Diagram in ( 2 ), and this bisector has
he direction of r. r is ths direction of one zide of the required
ectanzle, Tha rost of the solution is obvious,

Here the omega rrovosition played its full part in the solution
of this oroblem.
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