Chapter 7

L Integer Linear Programming ( semi-experimerntal ).

We shall first develope a general algorythm for the solution of
all integer linear programming problems and then show how to deal with
some particular problems which are con a relatively small scale: ones
that one may experiment with with pencil and paper and where the gen-

eral algorythm would reauire toec much computation for such a small prob.

We shall deel with maximum problemes firet. Maximize the Function
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subject to the restrsinta

vhere all the components of r are required to be non negative integers.

We shall firat solve the problem, Vutatiﬂnrﬁiﬂe withmut the in-
teger restriction, obtaining a2 wvector E. and a F G and an in-
dex containing n of the sclutiorn ecuatidns from hE cunstrgint system,
When we rafer to ¥, subsequenily we shall rmean the value of PD with
its decimal part ohitted.

B Hounding the variables Xy

To get the maximum value of Xy
we change the C in equation ( 1 ) to*

iy G = 1 + 0 + 0 + 0 # weo+ O

and solve the problem stated above. This solution gives the maximum
value of xy. we then in turn change C in ( 1) to:

( ) ¢

and solve the resulting linear programcing equations thus giving the
maximum value of the variables T In the same way one may
solve the same gt of egquations Tor the finimum value of the variatles

— The bounds of our variables limits the number of combinat-
i&ns nossghle ir the zeneral aslgorithm solution.

In meximizatior probliers one sees from Fig, 24 that the “Equ1réﬁ
integer vector r lies somewhere ir the feasibility region determined by
the constreint syaten, Cne ‘then startas with the equation:
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Cne *then tests this last equation with all the vectors possible uncer
the component bovwds caleulated above mnd if any wvecteor is feourd that
satisfies ( 6 ) that veetor iz the answer. If none is found we go with
the eauation:

znd repeat the proceds, reducing the right hand term hy unity after each
feilure to find a soluticn vector, until a selution vector iz found, If
we were deaslinrg with minimum vroblems one would increase the right hand
term by unity after each failure to finé a zolution wector. This precess
gesures an arewer te 2ll integer linear programming problems. One,to be
sure, would need a computer, The scheme above represents some of my sarly
efforts toward integer solutions to linesr programming prioblems, Such a
schere, the general algorithm, is too long for percil and paper. We de-
viged other schemes. For simple problems one might get by without compu~-
+inz the limite of the varisbles which represents a lot of work.

2s Kumerical seclutions of elementary problems in irtegers.

Mirnimize, ir irtegers, the funetion:
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v [ 2 # ¥ & FTlazx = 2

I B {8 & 8 % T .9 = 310
If this problem is solved without the integer restrieiion one gets
ry = (28 + O + 106 /57, index { 4, 5, 2 ].

« Tn = ad

we selsct equation ({ & ) from the index znd write it it as:

ko ] {2+ 2 o Sl s o

The possible integer solutioms of { 4 ) that satisfy ( 5 ) are

P(7 +# 0 + 0} = 70
P(0 + 7 + 0) = 098
P(1 + 6 + 0) = o4
P{€& + 1 + 0) = 7&

B9
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P(5 + 2 + ©) = Ta
F{(3 + & + 0) s a6
F(4 + 3 + Q) = az,
The legat wvalue here iz 74 bBut we o not know whether it ia the

minimum or rot. We change the 7 in the last ( 4 ) to B and get:
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whose possible solutions satiafyirg ( 4 ) and ( 5 ) are:

ELE & 8 & D) = 80
EEfD 4+ B8 4+ &) = 112
FP(1I + 0 + 2) = 5%
P(1 + 7 + 0 = 108
P{T7T + 1 + 0) = Ol
P{2+ &8 + 0} = 104
(& + 2 % 0) = B8
PLE % 5 # §) = 100
PLiLs % 8§ % B3 m,
P{4 + 4 + 0) = 96

g

The lezst value here is 52. If we change the B in thke last { 4 )
t0 © and sweep again we get 62 for the least value of P, showing
that 57 is the least value of ocur fumction P that satisdies
poth ( 4 ) and ( 5 ). We have:

F = 8 ., F = £330 + T2 & 2 ) .81 5 @0 % 2% & 535,

What we have done here is to eweep the feaslbility reagion near
the point obtained without the integer restriction, Cne could

have done the sweeping with eguation { 5 ) or ir gereral with

any equation in the irdex of the original equetion., We would write
equation ( 5 ) as:

(¢ + 6 + %) .r = 10 + & = 15 0Or

whose solutien is obviously r = 1 4+ 0 + 2 and thus



F = g L P o= B2

which iz the minimum. Suppose now that we had operzted with the ob-
jective funcition instead of one from the index of the same. In that
case we would have startedwith the gereral algerithbm arné wriitten
initially:

After computing the I1imits for the wvariables, both min., end max,., we
would have hed failures for all walues of P from:

P = £5, 48, 4T.43, 49

and resched sueccezs st 2, This would have been 2 lot of worh in
gddition to the work of computing the bounds of the varisbleas. The
lesscon here is obwious for the reafer; especizlly for simple problems.
Io not make them complicated. It is good to experiment now and then. 1%
may prove exciting., We do some more experimentation:

T, Garma ¥Fector Splutions,

Suppese we now take a gemma of eguations ( 4 ) and ( 5 ) of the
problem solved in the previous secticn 2. We get:

s g = 12 = 19 + 2.
In{ 2 ) angd ( 5 ) set Xz = 0 and get

= - ‘52!"3: x‘? £ 55!';51 X = 0.
Add t g/3 to the sum of x; above and get the solution:

r = {43 t-F2)+{8F=-20¢ )+ 2% )7

In this last ecuation set { 53 - 19 % } = 0 eort = 53/19
ané get:

3y r =(28 + 0 + 108 }/57
This is the sclution without the integer restriction. In this

t'3) P=C.r» =(20 + 24 + 21 ) ,{( 28 + 0 + 106)/57 = 44

We were a little surprised at the resulting sclution, Even tho
the answer came out for that of the non integer restriction, one cen

learn gsomething from it. In semi-experimental scolutiens there sur-
prises at times. We now rewrite eouations ( 2 ) end ( 5 ) as

t 4 ) (e+2+T) .1 K, + 14

L]

x5 ) {9+6+3%) .1 K, + 10.



where K, and K. are positive constants,smell integers hopefully. ¥e row
do exac%ly the " seme as before in their sclution and get:

(6} 2= (12 % + 2k, - 6 Ky~ 64 } o+ (9 Ky+ 106 -2 K- 18 t) + 2 t)/6.

cet 9 K.+ 106 - 2 KE - 19 ¢

4 0 ard get:
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( (3K +42-7t} + 0 + 2% )/6. Sett = 6 ther

() r= Klfz + O + 2. Set E, = 2, then
(9] = 1 + 0 + 2

Boa By = R

which is the min integer soclution.

Perhaps the reader is wondering why we set the quantite, the
gecond component, above equal to 0., We cen tell you but you may still
wonder about it, It was net by ftrizl and error. I believe what we are
going to say is true anéd that I in the end skell be able to prove it,
The reader will notice thet the answer to thils problem, without the
inter restriction, has & 0 for its second comnonent. The answer, with-
out the integer restriction, is: '

r = {28 + 0 + 108 )/57

which hes a zero for its sesond component. Does the integer solution

of the same probtlem have a zero for its seconé comporent? The accuma-
lative evidence from the solution of several problems seem %o say so.

On that circumstantial evidence we applied the noticr to the present
problem and the answer came out the szme as by the other methods, The
preponderance of evidence seems strong in favor of the idez. WwWe shall

use it, and in the meantime try tc prove it, till we find & eontradiction
or some evidence to the contrary. Thisz is experimental mathematics. Cre
can see how much it simplifies metters, It any case all answsrs have to
be tested for satisfaction.

Minimize, ir integers, the function
P:[_’f‘;+£+2}.r‘

subject to the conatraints

(4 ) {1 + 3 - 2).1r = &
(5) 23 % 8B + B)Y.F = 15
(63 LA B o WY B e IO



{ 7 } L 2+ 2 #+ 5 } « T = 10
(82 (L £ 3 + B).3F = 6,

The soluticn of this problem, without the integer restrictiorn,
WaE

Ty = 1.20 &+ 3,67 + 0,05, index 58T 1.

We now write the index ecuations as?
v S ) =% ¢ & 4 §law = B & 1f
{6 ) [ 4 + 2 = Fla?f = K + B2
(7 ) (® % B2+ %4, & K 4% 1B
from which we obtain
{ 2 x = (=-16K +15K, + 25 K; + 190 )/158
£ 303 X, = | 26K + 25K, - 11 K, + 580 }/158

! _ - 3 L
[ ER 9 Xy o= ( 4 K, - 16 E, + 26 Bz + 8 } /158
(12 ) P = C.r ={48% + 113K, + 83 K; + 2906)/158

= ( 48 K, + 113 K, + 83 K, - 96 + 3002 )/158.

Ser ¥, = 2, and K, = K3 = 0, then xy =1, %, = 4, Iy = G

P = 35002/158 = 1920 .¢={3+4+23, (1L +4+0).

In this case there can be no doubt about 15 being the min, ans.
since it the first integer above the non- integer solution. The min,
vector then le: ¢ = 1 + &4 + U,

In this problem any one of the equatione in the index of its
original solutiorn could have been used to sweep the feasibility re-
gion of the probtlem. It would be preferatle to use the cre all of
whose coefficients are positive, if such should exist.For small size
problenms one czn obtain the enswer withe far less work than by using
the general algoritam, Of the numerieal soluticns the gamma vector
zolution seem the easiest ard require the least computations. Tney
are elegant solutions to the integer ®equirements. Prsctice and experi-
ment will sugzest other procedures that may be preferable to the gen-
eral algorithm solution which for even simple problems entail a lot
of work for a solution, In &ny case ore can have & variety of solu-
tions from which to cheeses. It is good to have 2 choice.



