Decemiber 7, 1384

Hon-HU1T1 Solutlon

Given & 1fnear programming praplem:
P = g% R
subjsect to:
A * X ¢ B

& general solutian of the ocbjective fUnction

T A C o E 4 *® 7
! 1 3 A
15 given by
f = { ‘P AN - A S i M
I i ] A

{ & & 639 % £y 4
{ & £ Bpt™ ta B
{ ¢ i c, Y 1:AH

Wharea L 1% & garameter to be determined,

I e is puk inta 2} 1t zatisfies giving an 1dentity.
The R equation Relps one to put the ocbjective function
F frto the constraint system, thus providing more solution

Teverage. We 1liustrate With some numerical examples.

Max P = E * &

= ¢ T2 1 4 * R
subject to:
(4 (1 4. =3 ) L < 10
{5 b B =& )y R ¢ 18
{63 I - & ¥ = R £ 10
{7 f:: 4 1ol & 2 K < 4

Jur R sglwtion then becomes:



R = & BPIE = kB = ¥ o 12%L e 12%E
2 3 z 3

Put R dinte (4, 458y, {6}, &and (7) and get:

(ay! PiTE + 4?*ta - 33*1*1?s ¢ 10

(53 5Pp/12 * 67%t, - 1071*ty ¢ 15

(6) " pitE - 3R, 4 4T, RO
[

(73 PlE + 11*?: 13*t3 ¢ 4

ET1minating L From (6) and (7)' we get

A
( 8) P 845 - 9%,
Eviminating t, from (8)! and (6)' we get:
gy I=p 4 175 % E¢*t3

Eliminating 1:3 fraom £8) and (5) we geb:
TITE ¢ 68983
therafore
Po= E993/111 = 63 § Maximum )

wnich 1s the answer giveh in the GAMMA solutfan.

FUT F Thto {8) and wWe gat:

1 = /6 - 2,12
3
put i and tE Tnta 7)) and gat
t = T FEs
A
PUt . and 13 Intao R and get

[ 1 |
WwhTien 18 the same a3 the GAMMA sSoTuTion:
Fra ¢ A i Yooy, ® ¢ 5 1 2

B # 1 * £

I

&3 { Maxdimum )

Wwhich confirms each apnswer, Notice that no polyhedron was

negded fn the solution technigue.



gct 15, 13B4

Non=-Hull Solutian
LAse Twreese Soworlonr )

Minimize
po= & % B
= ¢ 10 14 217 ) * R
subject To:
(4} s S T S i W » 12 ( redundant
iP5 [ 2 i B S ¥ 14
(&) . 8 B FgvE 5 14

A generalizeq soelution for the F equation fs:

(7 RoBE AREIB R g =R ¥
( 1018 3 * ¢
. Fi 3 2 +
19421 3 * £
{ / 5
valld for all vajues of ?L and 13. But (73 Tthto (5)

and (6) and get:

{8 C BAS ) » 4 &7 ¥ % E1+ {( 443 7% % ts > 14
LEd [ e it o 0 I RREREE i i e B T E._ { 8387 3 %:r}ﬂ

Setiing 11 = G and 2liminating ts from the

resulting eguations, We gdel:

P = Z285Q6s5F7 = 43.9
From (8)

£.o= Eg

3
end (F) becomes

R = ( 0.4% 0O 31.86 )

A GAMMA solution glives;

R

( 28 0 108 »/57F

which reduces to the same answer.,



Te geat an Trteger solutton from (7) satisfying {(BY ahd (9) Me

note that 11 we set %3 = 2110 = 2.1, the Tast tearm of

(73 becomes 1 and the first term of (7} Decomes;

¢ PAIG - 0 = % 3
3

B0 = 2.9

Depanding on WheTher wWe make
P B 3 s s

The i Vaiug DeECOMES

R = {13 g 1.3
#o= (2 o T3
R = ¢ 3 4] T g
none of which sgitsffes (&) or {6) . We next set
t3 = Z{ 1470 )
= 4.2
Then

f P10+ B = 4,2 ) = o BE2ATD + 0 - 4.¢)

- e

Then
R o= f T a Z: )
set ¢5) and (6) TeasToly, and
P = &

15 the Integer minTmum.

Mote Lhat tn this splution no use of a polyhearen 15 made 1n
gither the non-integer or integer solutton. Egquation (73,
unhedrd of 1n the Titeraturs, 15 a powerful todl in Vingar

programming., [ write the general esxprassion: The ganeral

solutton af



= & P [ o
] o+ %
TE
R = P Ffec=T =1

I 3

A A
i 2
L cl i C3

o F o
1 f¥]

WhEre T

Exampie:
Maximize { intager }i

e £ % R

Poe ¢ 3 4 4
R o= ¢ pf3 - 1. -
i 2
set
t = 543 5 *
. t Pl %1
T = 4 4/3 ) * ¥
2 3
then

f5 a parametfer to be determined.

R= f P+ B xoyp = § %oy Jpd
A 3 2
We alse have the constraint eguations
{4} £ 2 3 g 3 ¢ g
{5 ¢ 0 2 E } = ¢ 10
(&} & 3 2 4 ) L
Put R inte (4 - (6) and get:
7 2F - - 8 24
7 {A Fa
{ 8) 2y + By 10
A
= P o= 3y 16
A
whence
82P 1552

therefores

+

{

344

)

w

t



F = 318.493 ¢ maximum )
For integers Wwe may write:
Pl 3 5 gy *H-= I8 = h

B =440 { &= B3 ( 2 + 0 )

= ( & % T (S R T | A S T f A

Whers

et
=4
b S
(=3
=

ETE parametars.

set t = T h = &, and get:

10
et
th

{ Integer maximum )

= ( 3 5 4 3 * { 4 0 13

= §Z2 + 090 + 4

A satistfies the P eguatten for a11 values of
T ] 13

satisfies {4) and (6) exactly and ¢5) feasTply.
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Mon=-Hull Solutian

HaxtmiZze:

subfact to:

L3} { & =E3% B ¢ 3
{4) {1 15 % K ¢ 9
i 5) [ T3 ™ B ¢ 1
L £ gty e g AT
(7D { 8 =413 & 49
(83 e 13 % R &g
(9} - T80 ¥ 8 . =14
£1.0) BB =Y R v =46

A general solutlon af the F fguation 41s5:
B o= £ PrZ = % 03 € 388 )+t
8

Put R Tnte {3y - (10} and get;

{3} ! /3 = f T&SE 3 % %1 T
{4y PR3 = T44 3 #* El ¢ 9
[ i i - -
€5) P { 1574 3 b, <7
ey Efa2 %0 JEr ) oow E. ¢ 14
et A 2PL3 = 1344 » * FL ¢ B
(8)! =FP/3 o+ 0 TV/4 ) % E_ P
£8y -P e [ S M T, ¢ =14
{10y “BPE3 VR RBFT) T By w8

ETiminate EE fraom £3)', (4", (7y" by means of (89)' and



get three P values;
» 14 .86
¢ 33.5 (Its R does not satisfy all constralints.)

¥ 4.8

T, AT, Py

Mew gliminate ty from £3)', {43 ', (F¥" by meanps of (10%°
and get Lthree P yalues:

g > 14.36
Fod 31.74 = Maximem § same a5 GAMMA solution )
f andg ﬁ? are the only ones of the si1¥ values That have a
real meaning. One can now evaluate the components of the
symboltc vector R.  One can do 1T 1n two ways: DUt P =
37.74 fnte (103 giving E.= 552, or put P and T
into R and get;

R = { 4.86 F: S S {as a cneck)

p.om AR

= 3 4 3 * ( 4.86 4,14 3

T O
Agaln £1nce we know that # comes Tram (4 and (10 we can
solve. thase TwWo and get:

R = { 4.886 4,14 )

R catisfies {10) ahd (4} oxactly ang the oathers feasibiy.
1t 1s good to have a check on tTha GAMMA and non-hull
solutfons and vice versa. Notice how the determination of
The maximum in the pon=-hull solutian Ccomes about. It teaches

us a lTot.

The symbolic vedtor was a master stroke, snabling us To put

the obgactive functien Tnto the constratat system. It



D

eitminated the computatien of Lhe vertices on the polyhederen
of tornstratnts. I't affers a noew push in linear programming.

it 15 in fts tnfanpcy and has a vast field for exploration.



10

Movemper 14, 1934

Nor~HuUll Solutlon

({ TorrEcss Soww T e xﬁhsm)

The first page of soiutions 1s a GAMMA solution of the

proplem. Minimize the objective functilon:

= 1 14 21 ) * R

subject to:
{4 { 2 g i > 14
{5) K g £ 3 Y * R » 0

from which we get;

{8 Bo= ( £g 0 TgEE: ¥ 57
i P = 30 4 27 ) *{ & 0 1486 ) /57
= 44

To get an intager soiutlen for this proplem, We write the

pipression:

{8) P = 10 T4 27 ) *8 = ( 84 + 1)

(9} G = 27 0 =10 )

(10} R = ol & %R k) { 1 term 3
( o) { J term }
(o *+ 479 { k term )}

Wwhare Diophantion eguation i 12 an fdentical solutian of (&)
for all wailues of the parameter h as may be Zeen by an
actual substitution:
[ R = R + t. * @

s f @Y ® pi= B oR oG o=cd 3 { b Egen )

{9 ) { J Lerm j



£ B o+ 4

FPUL R Tnto (4) and (5}
(12} 3 o~ 2B
{12} =15 ¥ e & 154
whence

? 2 . kD > &
thus

t > 4413

h oy 2243 3

e
L]

We now solve this problem Without any réeference to a

polynedron of constrat
A symbolilc

function;

wWherg  *

Later eguations will aefine them.

is correct may be segen by an actual

= 10 & 4} {
and get
IR » =G
¥ 1 b 34

|

nt.

{

identity selution for the genéral

11

k' term 3

integer minimum vector )

52 {

-

]

P
L1}

5

cy * R

M

t T ) -
3 N

That the clafmed

substitution.

integer mintmum )

obfective

are just undefined parameters for the presant.

S0 TUTT an



For gur eguation e = 7 5 e = 14 ; ¢ = 21
R = Pyl = %, 5 &
L BJ - " yoor
0/14 LA

¢ ) =

¢ 19027 ) * &

3
ThTs eguation enahles us To put the objective funciion P

into the constratnt system giving us a lot of leverage power.

Put R into (&) and (5) and get:

i { PEB 3 ol Y TE g Sbdi) X 13 » 14
(53 " { aPEIn g - ¢ 2fiFy * tl ot T EE ¥ 10
Eliminating tj from (4} and {5} " wWe get

(6 { T8¢ 3 % B = f 2R B2 ) tL ¥ 35BJ2

Here We sge that tihe smaller ;L ig the smaller is F. Setilng

t =0
-
we get
F = 7 * 388/57
a 2808 /57

and this 15 the same value as tn The GAMMA solution:

Pos ¢ A 14 271 ) = [ 28 0 106 3487

2506/57

There was no meption of & poiyhedron of constralnt nere.
Hone was negded. We now evaluate the components of our
symbolic vector B FPutting the values of 3 and t
Tnto [(4)' we get

t3=|{14~F.f5}*{3.r’4)

out we need

A2 W TOSET D ¥R

3 2

= A 14 = PSS | % £ TOFEE

= T06/57

el
L]

{ FElE = B B3
=



13

28457

Thus

R = { EB 0 1086 Y/BF { same as GAMMA solution)

It should e pointed ocut that in minfmization problems there
may be a whole group of % that have to be set sgual to
Zero., In This problem we conly had to set one of them
ggual tg zera. It 15 @ erttericon for A minimization, The
criterion for a maximum 95 ThHe setting of posttive t

Lerms equal Lo Zero.

In GAMMA theory, the criterich for & minfmum Is that all
products from the tast Tndex of C® GAMMA have to be
positive, and Tor a maXximum these products have 1o be

negative,

The i crliieria arg Just as wvalld or may e more so than

those aue to The SAMMA Ttheory.

The symbolifc vector Drings & whale fiew approach to the whole

fiaeld of 11near programming.

It should have somathing To say when 1T 135 applied to the oild

Traveiing Salesman broblem,. It seems made to order.



