Brocard Generalization

By
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In this CGeneralization of the Brocard Theorems of the
Direct and Indirect Groups of Ajoint Circles we shall
show that the three cutiling angles of the three circles
ABD, BCD, and CAD, cutting the sides of the triangle AEC
directly in the angles K, H, and P and indirectly in the
angles p, n, and m are each glven by the relations:

{1) M+ NN+ P = 0
(2) p+rn+m = O

where those angles falling ocutglide the triangle are counte
ed as negative, 3e2 the drawing below,




Foint D in trianzlie AZSC

¥, N, and P, It may be msa

e to take any pogition in the plane
cubiing angles ki, &, and For a convenlent drawing we have
considered it inside the &,

Construction

at A anc 2 draw the tangenis 4e¢ and BF to the circlie ABD
meeting the sldes 4C and BC at angles p and =N Fespectively.
At B and O draw tangents BT and CG to the circle 3D meeting
the glles AB and AC szt angzles ~m and P respectively. 4t O and
A Graw tengents Cg and AL to the circle CAD meebling the sides
5@ and A5 at angles n and K respectively. Going sround the
triangle ABC counter=-clockuwise the direet group ¢f cutting
angles 1g &, =-I, snd P, The indireci group of cutting angles
1€ P, R, anc =i. For eagse in wriiting our eguations we shall
set angle DAE equal to & and angle Dis eqgual to g, We ghall
new prove relation (1).

Consider are ADC,
(3) < D04 = £ DAE
ince 4E 18 tangent te the are at A, Then
{4) L DCGF e L P = £08 a1

(5) L-DCG =z £ (8 =2 )

7 ) < DEC z L {8 - F )
GYid ig £C marked 1z The fignres Lastly gghizider arg ALB,
(2) L DAE I £ DEF

ig determined by the cutting angles
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e proof of ocur first relation. Tae
ralation

e identical with the direct excapt one starts with ansgle s
vt e £ mm S TS o da T o v e AE kg laoclwias
_'.H:::tvau. Or o ZEc t_u-JuI";’:‘:US Le ...lr_m:l#_f-;ie Ari, CLOCAWLEE.
Critique

Cna cbhvicous fact from (1) is that at least cne of the
snzles 3, ¥, and P must be postive. it 1s vosgsible for twe
sf them to be postive and the other nszgative as »nictursd in
the Swoofi, A8 to which ie postive 1t matters not. in any
czse (1) holds.

+

we zet the direct group of ajoint circles of the Srocard
Theorem and poiné D coincides with the dlrect Brocard point

of the triazngle,
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we gt the indireci group of ajoint circles of the Erccard
theorsn and polns D colineides witl, e Iadirgct D7uasre polnd
of the triangls.

Ivery conseguaat dsducilion trnat comes from the Sroocard
frnecren nss lte couatsrpart in thls &eﬁe?alizatiaﬂ S even
sore. g2 #ive an 1llustrative sxample. Iz col e“r TEEateyr It

s oroven tnat the direct aafl iandirsci Srocard points are 1g-
osonal corneuzats points of the trlangls.

et i, %, and F be tbe qireci cubting snglses corresponcling
pe) point D znd AR, BF, and CC the corresgponding tangenits as
e e - . eTge Atooeeam. Now conglder a seccend polnt L
not SuDTﬂ in . ths drawing, whose indlrect cutbtting angleg are |

) ,, i = g P
o, r, and -m, the corrssvonding tangenis beinz Ag, Ca, and BEI.
Sguation (2) nolds for angles v, n, and -m. Set angle Dae’
sgual to 8. anzles p, n, sné = are a8 yet wholy indspendent
of the anglsz ¥, M, anc P.

ort



iFeraaps it 1s not generally cbssrved ihat there is a re-
ilgtion,in aliszulise,between the direct and indirect cutiing
angles of the circles for tas iaogaqa¢ congugste points of
ulie Brocard Theoresn namely that esch direct cuttipg angle
ie egual to the ccrresponding indlrect cutting angie =ach
pelng zero. A4 natural Generalizatlon for the Brocard isoz-
onal cornzugate polnt theorem iz to find the relatlion vetween
the direct cutting aﬁb¢es W, W, and } end the incireset CUi=
ting angles p, n, and m when D and T are lsogonal conzugate
pcints of thne six tanaEﬁts two et each vertax of triangle
ARD alqoe tﬂeaﬁ coincide with the sides of the trianszle a3C
when D d D coincide wiuh the iscgenal congugate Drocard
pcinta. N2 sghall ses.
now
(14) Zpie = £L{( 8 =P )
P L II,.-:’ {
(L5 A BCg = £ ([ p 4 s )
‘J X <™ o {
If D and © are igogonals of the tangents CG and Cz we must
BVe
¢y ! !
(1e) L {p+ts )= L8 -P)
Aagein
f ! - " [ !
(17) L TEf - L TEA + LABT = L { 8 - m )
and
(12) Lo DBF =2 £ BBC + £ CBF 2 £{ 8§ «P ) =¥
A ¢
If D and D are isogonazls of the tangerte BEFY and Bf we must
have
! { .
(1%) L{ s -m )z L{8~P) ~4LTY
Adding {12) and (18) ons gets
! ; ; 25
(20) Sa L { g =m ) = L0 28 =2P ) = £ T
4 - + L'}
Adding L + 2z) to both sides of (20) cne =ets
- i T 7 ! f f i — -
(21) Lzg L (dentm ) 2L2s 4+ L (n 420 = 2P =X
I1i we get
.'l ||I\ i
(22) Ak | PR F 20 N BR )

sné tske acccunt of (2) we zet from (21)



-~
From (16}, (19) ani (23%) we see that D snd D are &sogonal
congugate points of the six fLangent lines of the divect and
indirect cutting circles. Put (23) into (15) and we get
!
(24) LB E= L F

Put (23) into (19) and take account of (1) and we get
(25) 2w == LY
Fut (25) into {22) and take sccount of (1) and we get
(26) A . B LW

How when the direct cutiing sngleg L, K, and P are zeroc
anG the direct tansents collapse onto the sides of the glmen
triangie and point D coincides with the direct Zrocard point
it is seen from (24}, (25), and {(26) that the indirect cutiing
angles ¢, 1, and o are zero and the indirect tangents collapse
onio the dides of the given triangle ABC and point D colncides
with the indirect Brocard point thus showing that this parti-
cular corollary of the Breccard Theorexr which we are illustra-~
ting ie a very speclal case of z far grester Gensralization,
Cther corollarieg of the Brocard Theorem in a gimilar way may
be ghewn to be particulsr cages of a more gzenseral viewpoint.
411 these foliow from (1) which is the Zeneralization of the
Brocard Thecren.

rote to the referes: This Generalization of the Brocard
Theorem is ons of four, Simseon Line, Apcllonisn, and Feusr-

bachs whichk we have done from the Eutation standpoint and itrans-

lated into convential geometry. An abstract of a paper on
mutation geometry ziven vefore the Chio section of the Iathe-
matical Aser. may be seen 1n the American Mathematical Monthly
vols 50 number 7 page 520 Aug. - 3ept. 1953, As a closing
observation I should 1ike to c¢zll attention to the beautiful
syametry exhivited in (24), (25), and {(25).



