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CHAPTER TWO
2 = 1 The Straight Line

In chapter 1 we wrote the equation of a straight line as:

(1) adesr = a,

Let us now find the eguation of a line thru two given points as
ala,aw.)and b (Db, by). See the sketch below, Let r be

g vector from the origin O to any point on the line thru the end
points of a and b.

A

- P o = b} 2

¥ < %
is a line perpendicular to this line and
i 33 [r = &)

is along the line., From ( 2 ) and ( 3 ) we get

[ %) (X =« Bictiee 8) »

or

{ 5 (% = bJor = wash = ¥eb
Examlpe 1

Find the equation ofthe line thrua (3 , 2 ) and b ( 1, 5 )



(a = b)) = (g, = b)i 4 (a, - b))
(a - b) 5 (g = b)1 4 (g, - b)7F
= (a = bl J -~ lag~ blti
= | b, - &a} i + | a - bt] 3
a
‘E'!h - albin a,‘hl= I a"
bl b:.
Equation ( 5 ) now becomes:
(6) (b ) ( b ) bl
- a.)x + a = y =
L 8 2 ] 1 h; bl..
We now write down our coordinates in & rectangular array:
3 2
3 5

We get the coefficient of x by subtracting the 2 from the 5 and
the coefficient of y by subtracting the 1 from the 3 and the ab-
solute term is the determinant of the array thus we can write
the equation mentally:

i ll;j:'

3x ¢+ 2y = 13

' o

: 2y =3

e R ——
Fig, 2~ 2

Example 2

Find the equation of a line thru the points ( 1, 2 ) and (- 1, 3 )}
See sketch above.
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We simply write the points down one zbove the other and write
down the answer:

X ¢ Ty 2 K

One conventional geometry way to solve this problem is to com-
pare the slopes of different segments of the same line which
are the same, 3See the shetch below.

(b, La)

Fig, 2= 3

let @ be the angle which each segment of the line makes with
the x axis then we may write the following equatlons:

(y -3}/ (x=-2) = (b~-ad/(b-2a) =tan
Putting in the values of the coordinates we get
(v=2) (x=1) =({3=-2)/(~1=1)

Simplifying this we getb:
x + 2y = 5.

Another conventional way of doing the problem is to assume
an equation of a straight line as :



ix 4 BY = ¢

Put each set of coordinates into this eguation which they must
satisfy since the points ate on the line and we get:

1
[

ﬂﬂ.lﬁ' B b,
Ab, 4+ B by

11
]

Solving these two equations for A and B we get:

A

c(b - a)/(ab, - ab)

B

1]

01 & - bl}{' (ab - ab,)

Putting in the numerical values of the coordinates we get

A = ¢fs
B = 2¢/5

Putting these values of A and B back into the assumed equation
and we get:

(¢/5)x # {(2¢/5)y = ¢
Cancelling the C and simplifying we get
> ¥+ 2 F = 5 .

as before, Compare these solutions with the smoothe styling
of the Mutation Solution.

Equation of a Line with Given Intercepts. - 2L

If the line cuts off intercepts of a and b on the x and y
axes respectively then two points on the line are ( a, O ) and
(0, b ). To get the equation of a line thru these two points
do as in the previous example and write
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and write down the equation
bx 4 ay = ab
or in the more usual form:
{7 § x/a + v/b = 1

Se2 the sketch below.

~] o, v)

Exercises

Write the eguations of the lines thru the following points:

1 { 2, D }, [ ﬂ, 5 } 2 E 6, G }-’ [ ﬂ’. 3 }
3 { l; ll- }, { 3, .3 ] *!i‘ E-lg ? :I’ { ii-, E' }
5 [_21 5 ], ("'?’ LP } 6 { 33 - lJII ¥ { 61 2 }

Any straight line equation may be reduced to the intercept
form. For example we take the general equation
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Ax ¢ By = €
Dividing this by C we get in the form
x/(¢/a) + y/ (¢c/B) = 1
which is in the intercept form, the intercepts heing
c/A and C/B
As an illustrative numerical we put the equation
Lz % 3y = 2
into intercept form. It is

x/ (1/2) ¢ v/ (2/3) = 1

Exercises

Put the following equations in intercept form:

1b hEx 4 5y = & 26 3 x 4 2v = ¢
3b 2= ¢ 1y = 7 Lb 6x 4 3y = 2
5p =7x 4 Ly = 8 6 -1x 48y = 4
70 x/2 ¢ ¥/3 = 5 gb =x/3 42y = 3

2=3 HNormal Form of a Line

The first form of the equation of a line which we wrote in
this book is called the normal form. It is

£ 1.4 der = K

We point out that a, is the perpendicular distance from the



origin and a was the unit vector along that perpendicular.
We now show how to put any equation of a straight line in
the normal form, Suppose we have any equation

ax t ay = 35

This may be written

g« 3 3
where

g = ali ¥ aij

r o= 23 % ¥

11.?!.::,#.‘“.&'!.‘I

a' = ala,

= L™ >
dy = E.* + Hgqg,

We now divide each side of our sbhove equation by a, and get
( afa,) e v = 8/a,

which is the same thing as

al « " = Sfﬂ.n,

which is the same thing as

(2) (Cai + a3)/ya ¢ a, )T = s/yaray

which is the same as

/ . . /n
%) ( ax tay )/ ar $ ar = 8/ ﬁ § oab

This last equation is the usual form of the normal equation.
We have gone to a lot of pains to show just why one simply
divides both sides of the equation by the magnitude of the
coefficient vector which is the square root of the sum of the
squares of the coefficients of x and v.
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We point out that
. S i P ™ *
( &) a = | ai t 83 )y a’ + a,

is a unit vector for if we square it we get unity. It should
alsc be noted that when the equation is in the normal form and
written so that the right hand side is postive then the right
hand member represents the perpendicular distance fron the or-
igin to the 1line and the a in thia case points from the ori-
gin toward this line.

It is important then that we write our equations in the nor-
mal form so that the right hand member is positive or the equi~
valent of it, It will avoid a lot of confusion. Some of the
older and even recent text books on analytic geometry are slight-
1y hazy and confused on this topic.

Example 1

See the sketch below. Put the following equation in normal
form and find the directional distance of this line from the
origin.

¥
s
(o]
Fig, 2=5
1 3x ¢+ by = 10

Divide each side of this equation by 5 and we get it in the
normal form:

2 (3x ¥ Lyl)/s5 = 2

30



The distance from the origin to this line is 2 units and it
lies along the vector

3 34i ¢ 43
Example 2

See the sketch below. Put the following equation in normal
form and find its directional distance from the origin.

e x

Fig- E - 6

1 3x - by = 10
The normal form of this equation is
- (=3x + Ly )/5 = 2

Notice that the equation has been changed so that the right mem-
ber is positive. The perpendicular distance from the origin to
this line is 2 wunits and it lies along the vector
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3 - 341 $+ &3
It is properly pictured in Fig. 2 — 6
Example 3

See the sketch below. Put the following equationm in normal
form and find it’s directional distance from the origin.

b
\ ) x
Fig- 2-?
1 3x 4 ky 4 ¥ = 0
The normal form of this equation is
2 (=3x = Ly )s = 2

Notice that it has been changed so that the right member is pos-
tive. The distance from the origin is 2 units and it lies

along the vector
3 =33 = &



Example 4

See the sketch below. Put the following equation in normal
form and find its directional distance from the origin.

¥

1 3x - 4Ly = 10
The normal form of this equation is
2 (3 x - 4 y)/b =2

Its distance from the origin is 2 wunits and it lies along the
direction of the vector

3 34 = kg

This vector points into the fourth quadrant . It is correctly
pictured above.



Henceforth we shall call the perpendicular distance from
the origin to a line p . Then our normal equation may be
written:

{ 5 ) af-r::p

In the last four illustrations we have taken an easy and sim-
ple form in order to make the principle and procedure clear to
the student, For a final illustration on this topic we use a
casual egquation,

Fxample 5

See the sketch below. Put the following equation in the nor-
mal form and {ind its directional distance from the origin,

b 4
ai I 22&?3)
fo] \ x
Fig-2-9
1 2x 4 3y = %

The normal form of this equation is

2 lzxf.‘irl/ﬁ:?.fﬁ?

3



2 = L Distance From a Given Point to a Given Line

See the sketch below.

ey a'

Fig. 2 = 10

Let the equation of the given line be

i
{ %3 a*r = p
and the given point be represented by

{ 2] b = pi ¢+ BJ = ulb, b, )

Draw a perpendicular from the end of b to the given line., Call
this distance d . Let N designate the foot of the perpendicu~
lar P with the given line. Let M designate the foot of the
perpendicular of a line from the end of b to the line p. Then

{ 3) d = Mi = ON - OM = P=be a
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! / e .
(ai ¢t a )/ a t+ a,
bi 4 b

i [ 9 A=

ash taIb' + a‘hh'_]'}')Jai + a,
.

p - (abp + a b )/ 2+ a,

P, a known quantity, is always the right member of the nor-
malized Eiven equation . a,and a, are known components.
the b, and byare given quantitiaa %o everything in ( 4 ) is
known, If d comes out negative it just means that the given
point was on the far side of the line from the origin. Incidentally,
one may test by this means whether a point is on the near or
far side of a line from the origin.

One sees from ( L )} that the b
x and the y in the given equation.

o
n

( &) d

and b, simply replace the

Example 1

See the sketch below.

4
o "

Fig. 2 = 11 \

Find the distance from the point b ( 2, | ) to the equation.



1 3x 4+ Ly = 25

The normal form is

2 | 3% ¢ 4y )/5 =& 3

Here p is 5., and

Al
{ix
.
o
TE

(3(2) + &(2))/5 = 10/5 = 2

i
& d = p =~ a+«b = 5 = 2 = 3

We have gone to a lot of detail just to make it plain to the
student just how every piece fits into the picture.

Example 2
¥

N

(=2 1)

fi?’{D Fig. 2-12 ‘\‘\ ’

Find the distance from the point b ( =2, 1 ) to the line
given by

1. JX & &y =z 15
2 b= 1505 3 3
I
3 asb = (3(~2) + 4(1)/5 = -2/5 = = 0.4

II- d = p-a‘!lh': 3- {-Dtﬂ-:! = 3-1!1-"3

a7
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Example 3

(- “J ,l)

Euli!ﬂ 2-13. Find the distance from the point b (-4, 2 ) to
e

the whose equation is

(1) -3x + 4y = 10

(2) p = 10/5 = 2

(3) b = (-3(-4) 4 4(2))/5 = 20/5 = 4
( 4 ) d:p-n’-hzz-hz-z

Here, the point is on the far side of the line from the origin,

Example &

See Fig. 2-14 » Find the distance from the point b(-4, -2 ) to
the line whose equation is

e =3% =~ &y = 15
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p = 15/5 = 3
arb = ( -3(=k) - 4(-2) )/5 = 20/5 = 4
d = p-a+b = 3=-4 = =1

Here the point is on the far side of the line from the origin.

Solve the same problem when the point is at b ( 4, 2 ). Here
p = 15/5 = 3
af' h - = —I.|.

d = 3 ={({=-4) = 7

Fig. 2-14 serves for bhoth cases.

Y

(s 2D

Fig. 2-14
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Example &

/

Fig. 2-15

-

See Fig. 2-15 For a final example on this topie it is re-
quired to find the distance from the point b ( 1, 0 ) to the
line whose equation is

1 X = 23y = %
2 p = 4/Y5
3 a'*-b = 1/}/‘5—
v
b a = u/ys - Y5 = 35
Exercises

Find the directional distances of the following lines fron
the origin.

1 tEx + 8y = 10
2 5x 412y = 139
3 8x 415y = &8



L 2x ¢+ v = 8
5 sm=dy = 3
6 7Tx=8y= 2
7 gx4+b6y= 30
8 -l2 x=-5y= 65
9 3Jx=-0y= 6
10 15 x¢+B8By= 51

In the following sets of lines and points find the distance
from the point to its associated line:

1b { Ri 1] Bx » 8By = 2B
2b {1, 2) 4x - 3y = 35
3b [0 h) 22 -~ 5%y = B
Lb ((4,-3 ) 5x ¢+ 1y = 3
5b (=2, 5) 8x ¢ 2y = 9
6b (2,0) 3x -~ 9y = 6
7b (=1,=1 ) x + 2y = 1
8b E3s B BE & Sy 5 12
ob (5, 7) x + 6y = 10
10b (5,1) 2x + 4y = 5

In the following set of lines and points state whether the
point is on the near or far side of the line from the origin.

16 1 2, 12) 6x & 8y = AD
2 ¢ P A&7 S= £ 12y = ¥
3c (4 3 ) 4x + 5y = 10
4 c {2,1) 8= % 3y = 7
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2 =5 Angle Between two Lines

See Fig. 2-16. Let the equatione of the two lines be given by

Y

Fig. 2-16

1 E.'l-r=P
]

2 b-l":ﬁ

Here a and b are the unit normals to the lines and the angle
between the lines is the same as the the angle between their
normals,. So,

3 a.b = cos@

" e =(a1 + a3/fars o}
5 b (b i % bhj}ffb‘;i- by

6 - 1 i Bhi 4
cos § l :; : tﬂ_'ﬁjﬁ?‘f 55) bed )

" -
=Y{rf;+a:1{b‘;++¢.’;)

1}




L3

2 = 6 Equation of the Bisector of the
Angle between two Given lines

|
Fig. 2 - 17

See Fig. 2-17. In the first case let the origin O be inside
the angle to be bisected, Let the equations of the given lines

be

*
g « T

n
=

I
o

ﬁr. T

p and s, from O meet the given lines
in N and G respectively. Let r be the vector to a point on
the bisector of the given angle. From the end of r draw perpen-
diculars to p and s meeting them in M and H respectively.

Let the perpendiculars



From L the end of r draw perpendiculars to the given lines meet-
ing them in E and F respectively, Let e be the magnitude of the
lines LE and LF since they are equal, From the figure we have

e = LE = MN = p - M p - ale r

mn

TE &8 T 1T T BT
I I
peasr i mak e
.
X )} [a= Jar = p-s

uation ( 1 } is the equation of the bisector when the
origin is inside the angle to be bisected, For a sketck when
the origin is outside the angle to be bisected see Fig. 2-18.

E

L |r6 /

Fig. 2-18
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In this case we have the following relations:
¢ =2 1E = MI = OM - ON = gder = p

e = IF R 2w e Bep

HG

a3

ﬂ:'f'Pza-bI-r
(2) (&£ D J)or s p + 8

Notice the difference in the signs in equation ( 1 ) and ( 2).
We are now in a position to specify beforehand what angle we
want to bisect and to write its egquation .

Example 1

Find the equation of the bisector if the angle in which the
origin does not lie formed by the two lines

-3x ¢ by = 2

13z + 57y = 3,

a” = {~31 4 435

v = ( 124 4 53)/13
B8 e

5 = 3513

& 4 vz (201 + 773)/65
P + 8 = 41765,

2l x ¢ 77 v=41

the required squation. It is the bisector of the angle in
%ﬁicg th&qarigin pes not lie,
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Example 2

O x
_....—-—-""_'.-_-
Fig. 2-19
See Fig. 2-19. Find the equation of the bisector of the angle,

in which the origin lies, formed by the two lines whose equations
are:

x ¥ ¥ = 3

x -7y = 5,
g = (1 ¢ J 1f?f§-

b = (i ~7i)/5V2

p = 3/V2

s = 5/52 = 1/V2

g - b= (41 ¢ 12351/5/2
p - s = 2/¥2

2x 4 6y = 5

is the required equation. It is the equation of the bisector of
the angle in which the origin lies



Exercises

Find the equation of the bisector of the angle in which the
origin lies for the followlng pairs of lines:

For the following
sector of the angle

10

I x
15 x
12 =

8 x

7T x

e £ .

8 x

XX

g X

-

+

A
gy
57
6y
1y
1y
15 ¥
12 ¥
2y

1x 4+ 7y

pairs of lines
in which the origin does not lie.

L x
2L =
12 x

8 x

E x

T %

3 x

h x

1x

2 X

+

2]

4

3y
(i
i5 vy
15 ¥
6Y
2 y
4y
3y
2y
A

1

m W oD oW b e O =3

find the equation of the bi-

LV BN - R oY . B Y R T

L7
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2 =7 8lope Intercept Form

¥
4~ b
b
*
- L
./ .4
Fig. 2-20
See Fig. 2-20. Let a straight line cut off an intercept b on

the v axis anc make an angle 6 with the x axis the tan of which
we shall call m. Then

u
=

(y - b)/x = tan §
£ ) ¥y = mx 4+ b

Any equation may be put in the slope intercept form . For
example the equation

a x t 8% = a,

may be written

vy = -(a/a)x ¢t %hl

Here the slope is - ( a,/a,) and the intercept ay/ a,. In
Mutation Geometry the slope intercept form is not of too much
importa nce but we have put it in.for completeness.

Exercises
Find the slopes and intercepts of the following equations:

1 2x + 4y = 5 2 3x =~ 5%y & 8§



2 = 8 Miscellani

O Y

Fig. 2-21

Find the equation of a line passing thru a given point and
perpendicular to a line whose eguation is given., See Fig. 2-21
Iet the given point be denoted by the vector a and let the
equation of the given line be written

br = ¢

If r is a vector to 3{1; point on the required line then r = a
iz perpendicular to sinece b is perpendicular to the given
line thus we may write

be(r = a) = ¢
L
| b+r = a-+ -.,.5
Equation ( 1 ) is the required eguation. As a numerical ex-

ample we shall find the equation of a line that passes thru
the peoint a given by

i, B2 ot 81l B2 2L %F )
and perpendicular to the line whose equaticn 1is

-2x % 1y = 4

L9
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]

i
[y
X8

-+

i

£,

is the required equation. On inspection it is seen to pass thru
the given point and the cos of the angle between it and the given
line is zeroc showing that it is perpendicular to the given line,

How cne would know that any line perpendicular to the given
line could be written

x ¢ 2y = k

and putting the coordinates of the given point a into this eg-
uation k equal to L.

If it had been required to find the equation of a line that
would pass thru,a given point and be parallel to a given line in-
stead of perpendicular to it our equation would have been:

ber = a2+¢b
Putting in the values of a and b given above one gets:
“2x £ F = =3

We now do a slightly more general problem along the same liga:
Find the equation of a line passing thru a given point and making
a given angle with a line whose equation is given. We shall use
the point and equation in the last illustration. Let the sign of
the angle which the required line makes with the given line be S
and the cos of the sngle which the required line makes with the
normal b be s, We may then write the alpha prototype equation:

i i
belr = 2) = g



We solve this alpha prototype equation getting, according to ( 2 )
page 6 chapter 1, the following expression

1f we multiply both sides of the second equation above by

(5D & %)

and at the same time multiply by the magnitude of each vecter
we get:

(2pb ¢ sB)*(r - a) = O
(8 ) f(apn s ad)esy m asisnd # %)

If the angle should be required to be 90 degrees then p is zero
and s becomes one and equation [ 2 ) identifles itself with eq-
uvation ( 1 ) which it should, granting that ( 1 ) was correct.

Squation [ 2 ) also gives a true answer when the line is reque-
ired to be parallel to the given line., It includes all the speci-
al cases in its generality.

To solve this problem by the older conventional methods one
can find the slope of the ::auirnd line from the slope of the given
line and the given angle then one has a point and a slope
with which to solve the problem.

Find the equation of a line which shall pass thru the point of
éntersection of two lines whose equations are given and will make
a given angle with a third line whose equation is also given. Let
the equations of the first two lines be

a-I" h

b.T

51



Let the third line with which the required line is to make a given
angle be

Ilet s, as before , be the sine of the angle which the required
line makes with the third line.

Une way to solve the problem is to solve the first two equa=-
tions for their point of intersection and then { 2 )} gives us
the answer., We prefer to do it in a slightly different fashiom.
If three lines pass thru a common point in a plane one of them
can be written as a linear combination of the other two. Thus
we write our required equation as a linear combination of the
first two equations:

Tlasr=-h} 2 par=k
where U is some scalar . Rearranging we get
(3 ) (Ua « p)sr = gynh - k

Now the expression ( Ua = b} is normal to the required line
and from the prototype solution the expression { s ¢ %+ p?¢€ )
is along the required line so these two exXpressions are normal to
each other therefore we can write:

(Ua = b}le{(sec 3 PE) = 0

o B8 g )
u “a.{izigﬁ'}

We now put this value of U back into ( 3 ) and it becomes the
known required sclution. Note that there are two solutions in both
equations { 2 ) and ( 3 ), This is to be expected. This mode
of solution seems slightly more elegant and one does not have to
solve the two egquations.

We shall offer some practice in numerical exercises at the
end of the miscellani.
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Exercises

1. Find the eguations of the bisectors of the angles formed by
the two lines whose squations are

x = kL
Yy = 2

2. Find the equation of a line passing thru the point ( 2, 3 )
and pervendicular to the line whose equation is

¥y = 3x = &
3. Find the equation of a line passing thru the point of inter-

section of the first two of the three lines listed below and per-
pendicular to the third line:

X + ¥y = 5
2x = v = 1
3x -4y = 6

Le Pind the equation of 2 line thru the point ( 2, 1 } making
an angle of 45 degrees with the 1ine v = 3 x - 2

5. Find the equation of a line thru ( 3, 2 } and making an
angle arc sin 3/5 with the line v = 2 = - 2.

6. Find the aauaﬁiﬂn of a line passing thru the intersection of
the lines x + = 5 and 2x - y = 1 and making an
angle arc sin #fﬁ with the line 3 x - 2y = k.

7. Find the equations of the lines thru ( 3, 4 ) and passing
at a distance 1 from the point ( 5, 2 ).

8. Find the equations of the lines thru ( 2, 1 ) and passing
at a distance 2 from the point ( &, O ).

9, Determine x so that the three points ( -2, 1), ( x, & ) and
{ 3, 5 ) are collinear.

10, The slope of the hypotenuse of an isosceles right triangle
is 2. what is the slope of each of its legs?

11, Find to the nearest degree the acute angle which the line
thru the points { 1, 2 } and { 3, 4 ) makes with the y axis.
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