CHAPTEER. THEEE

Cirecle

3 = 1. General Equation

A circle is the path of all points that are at an equal dist-
ance from a point called its center. We shall usuall designate
the radius of a cirecle by a small letter as a, b, or e. If the
center of the circle is at the origin we may designate its rad-
ius by r but not otherwise. We shall reserve the letter r for
the radius vector to any point on a locus and so must not use it
for the radius of the circle . BSee Fig. 3-1 for a visual sketch.

¥

Fig. 3-1

The letter U will be used to represent the vector from the
origin to the center of ALL conics and that includes the circle.
Were it not for convention( and it is a strong thing) I would
write my U in the fellowing,way as usual :

U = Uli + U,
or still better U = Ui ¢ Ui,
and r = x[ir ¥ xlil

but to sort of compromise with convention we shall write them

U = ni ¢ kj

T = ar 4 2

Sk



To find the equation of the cirecle with center at { h, k }
and radius 2 we have from Fig. 3-1the relation:

{1} {I‘—U}:a,"
If we put in the expressions for r and U we get:
“
- ((x =~ hl)i¢ (y - k)j) = %

Performing the indicated operation and remembering that the
cross products are gero since i and j are perpendicular to
each other we get for the cartesizn equation of a circle:

(.33 (x = h) ¢+ (y - k) = a*

This equation confirms the right triangle in the figure with
gides x - h and y - % and hypotenuse a., One could
have used this fact to derive the equation of the circle., A
g;amatrin minded person might even prefer it. All power to
them,

When h and k are both zero equation { 3 ) reducses to the
more simple form:

Edi i x v = a*

In this case the origin is at the center of the cirecle. In that
case equation { 1 ) becomes:

1

[ & 3 ¥ g
or what is the same thing
{ & ] r. = g

o

%n analogy with { 6 ), { 1 ) may be written in the very useful
orm:

£ (r = 0U) = a
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A1l circles are not written like ( 3 ) but they may be re~
duced to that form. For instance congider the equation

xX* ¢ yo-bx =6y = 3

By adding 13 to both sides of the equation we can put it in the
form

. Lx 44 % yi - 6y & 9 = 16

which may be written in the for
- 2 2
(x « 2) % {3y <3) =2 4
which is in the form of | 3 ). It is a circle whose center is
at { 2, 3 ) and with radius 4.
One should observe that if the squaring indicated in ( 3 } is
performed no ® y term can ever appear. It should also be observ-

ed that the coefficients of the squared terms are always equal
and may be made unity.

Exercises
Write the equations of the following circles:

1. With center at ( 2, 1 } a nd radius 3

2. With center at { 3,-2 ) and radius 6

3. With center at (=4,=5 } and radius 2

L. With center at | ?; g ) and pvassing thru ( 3, 5 )

5. With center a t ( 2, 4 ) and tangent to 4L x +# 3 y = 10

Find the center and radius of the following circles
5, x"-} y"-zx < L3 = 1
To X F ¥Fo= bx =B & 12
8. X ¢ ¥y - 2x -2y 7



From high school geometry one learned that three non-coincident
points always determined a circle, even if they were in a straight
line, the circle in that case being identifyed with the line and
having an infinite radius. That is too large a radius., What we
want to emphasize is not the large radius but that three conditi-
ons @etermine a definite circle. Three points determine a circle,
two points and a given tangent determine a circle, three
tangents determine a circle, In general three conditions determine
a gircle. In equation ( 2 ) we have three unkncwns h, k, and a
and it takes three equations to solve for the three unknowns. That
means we skall have to have three different sets of values of x
and y in which case we may form three different equations from

equation ( 2 ) by putting these different values of x and y into it.
We shall soon do a number of illustrative examples covering this
discussion.

The equation of a circle may also be written in the form:

%

(&) x ¢+ y=Dx 4+ Ey ¢ F

for ene could transpose allterms to the left and complete squares
and get it in the form of equation ( 3 ).

Example 1

t f a circle thru the three pointd: { 2, - 2 )
Tl e tqmation ¢ If we zsubstitute these cnnrdinateé

{-2,0),and (-1, -1).
for the x and y in equation [ 8 ) we get the following three egu=-
ations :

27

2D = 2E ¢ F =

2D 4+ OFE & F = 4

=10 = 1E % F =
Solving these for D, E, and Fwe get: D = L, E = 6, F = 1z.
Putting these ?alueé into ( 8 ) we get for the equation of our
circle:

n
ih 4 ¥ - 4Lx - by = 12

This may be put into the form of { 3 }:

(x - 2] 4 (v = 3 ) = 5
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This last solution is one of the ways of conventional geo-
metry to solve the problem. It is not a bad way to get a sol-
ution. The worst part seems to be in having to sclve the sys-

tem of three eguations.

We now look at it from a slightly different viewpoint. Let
b, ¢, and d be the vectors from the origin to the three given
points on the circumference of the circle. We may now write the
following three equations:

o 72 &
(e - T }i Y
{&“U}%: a“

If we subtract the second and third from the first we get the
two following prote-type equations:

2 = ¢ )2 U =2 v = ¢
2(b - d)eu e g

According to(43) chapter 1, U is given by:

g w LB e BELD e A= (B e &) UE = 3%
(9) = 3TE o e T =,

Putting in the values of b, ¢, and d we get for U the value

v 2 E P %3

Put this value of U back into any of the first three equations and
we get

* *
a = 5

Equation ( 1 ) now becomes

(x - 2) $(y - 3) = 5
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3 = 2 A Patbern Of Thought

Equation [ 9 ) 1s an interesting expression and superficially
seems someéwhal involved but it id not true. Write down the three
points in a column amd the answer for U below it as:

2 =2
- 2 0
-1 -1

U=M1+3};6J2+M={2,3}.

The 4 before the first parenthesis is the difference between
the square of the first and second rows € - L. The 1 in the
first parenthesis is the difference between the right coordinate
in the third row and the right coordinate in the first row -1 =(-2%.
The 3 in the first parenthesis is the difference between the left
coordinate in the first row and the left coordinate in the third
row 2 = (= 1), The 6 before the second parenthesis is the @iff-
erence between the squares of the first and third rows £ - 2 .
The first number 2 in the second parenthesis is the difference
between the right coordinate in the second row and the right coo-
rdinate in the first row 0 - ( -2 ) , The L in the second par-
enthesis is the difference beitween the left coordinate in the
first row and the left coordinate in the second row 2 - ( - 2 }.
To get the - 4 in the denominator we look at the two parentheses
with their numbers and signs ONLY, other numbers and their signs
having no effect. We take the product of the two outside numbers
1 and 4 and the product of the inside numbers 3 and 2 and
double the difference between these two products,.

To get the two answers we take

AR

hiE) =
ey,

L(3) G l-8d = 3

I

To obtain the radius s of the circle we have three choices.
Inspection shows that we ought to subtract the U row from the
b row or first row for the 2,s cancel and we have 5 left which is
the radius of the circle. and the eguation of the circke may be
easily written
q. 9 L.
(x = 2) ¢ (¥ = 3} = 5
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We have tediously gone thru this pattern of thinking firstly,
because the student has had little practice in reading mutation
equations and secondly one should learn to think of what is hap-
pening instead of mecganically following a formula. One should
not look at formmla ( § ). One ought to be able to write the
equation of the circle by looking at the,column of the coordin-
ates. let us take a new example. Do not leck ati 9 )}, Find
the equation of a circle thru the three points whose coordinates
are written in a column below:

-1 5

-k 2

2 2
H:6[-;-31-—3,5;8{-31-3‘.':{-1,21

.
ixtlimfi?-21=31'

We do a second example, and one should be able to simply write
the equation from ths column of the coordinates. Do not look at
equation (9 ), It is not INDRA, Find the equation of a circle
passing thru the three points whose coordinates are written in

2 column below.

g B
-3
-1 4
U 5 % =2=1) = do{ 121} = (=2,k)
-k

Find the circle thru the three points ( 1, 5 ),
tﬂ,-ﬂ},anﬂ[ﬂ,ﬂ}.

« 18 ( =341 )=22(=7=1)e=
v = 20 iy« e

(x-5)% + (y-2)% = K2
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Exercizes

Find the equations of the circles passing thru each of the five
sets of triple points:

1 2 3 b 5
~6, - 1 : N é 3, - 6 6, 3 = 2
-3, 2 5 2 3, L 2, L -2 3
0, =1 =3, R =2,= 1 =2, 0 -1 0

Fige 3 =2

See Fig, 3 - 2 , If the distance between the cemters of two
gircles is equal to the sum or difference of their radii the
cireles are tangent, This is self evident and needs no proof. Tg
conjure up a proof would be a gross waste of time., See the draw-
ing for the " Proof ", This is an Oliver Heaviside proof. "
it works " ,
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The condition that the two corelez bhe tangent may be written

2 {0 - 8 }1': la £ b }’H

where U and 5 are the vectors from the origin to the centers of
thw two eirecles and a ahd b are their radii, If the equations of
the two circles are given these determine the guantities U, 5, 1,
and b. We may then put these walues into the eaquation and see if
they satisf{y. We shall loock at a couple of illustrative

examples to get some sense and feeling about

the matter.

Test whether the following two circles are tangent.

(2 = 1)V % (y -~ 2) =
(x + 374 ¢y ¢+ 1) =
b 5 3 & 23

§ 8 w835 = 17

B - &2 (Wi § 33
a ¥ b = &k 4 1 2 5

S

L =
L
lt-

{ T =« 8) = 25 = (a &+ B ?1

Thus the circles are tangent.
Example 2

Test the two circles below for tangency.

(x—E}L{'{Y-BJ"h:
(% ¢ 30 ¢ (g # 2 Ps
U = 24 4 33
3 = ~-31i - 13

(0 -~ 8) = (531 % 43)
a
ta # B Y z 6

= Kl
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e = BFE 3 &

Neither 4 nor 64 is equal to 41 whieh shows that equation ( 1 )
is not satisfied and thus the two circles are not tangent.

Exercises

Test the the following three sets of circles for tangency

e [x-zl:_'-}{y-sli: 15~
(e w 3Y % Uy 2 4F 3 g™

; (x = 1 1:; iy 3 8§17 = &%
kg2t ¢ ly s ks 3™

3 [x-#]:fir-z}:-. ?1'
(o k21 % 48V = 3

3 = 4 Equation of a Circle Thru Two
Points with Center on Given Line

Let the given points be designated by the vectors a and b.
Let the given line be represented by the normal equation :

(1) Per = p,

Fig, 3 = 3

Let U be the vector to the center of the c¢irecle which is on the



given line, See Fig. 3 - 3 for details. If one produces
the line U - b twice itself one gets the diameter of the cir-
cle thru the end of wector b, If this diameter is projected
on the vegtor a - b we get the magnitude of a2 = b, Thus we can
write the equation¥

1.
D 2(a-b)e (T=b) = (a~b)
Since U satisfies equation ( 1 ) we can write
(3) ot =
3 P = P,
Subtracting pl- b from both sides of ( 3 ) we get

' !

{4) pe(U=-Db) = papsbd

Solving ( 2 ) and { 4 )} for the vector ( U = b ) according to
equation { 11 ) 1 = 5 Of chapter I we get; after transpos-
ing the b:

] [*)] ""l.".*
{5 ) = ( . « b} = b)) =~{({a=b)/2)P
B B s sk {aa-b}.%a

Having found the value of U we may now write the gguation of our
circle, It i3 :

( &) (x = h) ¢ {y = k) = (U - b)
We do a couple of numerical examples just to get the feel,
Example 1.

Find the equation of a circle thru the two points ( 3, 2 ), and
{ 4, 3 } whose center is on the line whose eguation is x + 2 ¥y = 11.

B2 9% % 23 b = &1 + 33
a-=- b = - (i ¢ 3) (& - »)" =z 2
(a = b)) = & = 3 Pz (i 4 231M/5
p'-h:l@fﬁ (a-b}-%‘llfﬁ

B = w/ys ¥ = (m21 4 35
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Putting this table of values into equation { 5 ) we get

= 3 g 5§35 ¥ b = 2% £ 23
@ 1 B = e (U = b ]i': 13
1 a
U B it & = XV 4 1% = ¥F B B

This equatfon ( 7 ) satisfies all the requirements and is
the required equation.

Axample 2.

Find the equation of a ecircle passing thru the two points
{2, -2}, (-1, ~1 ) whose center is on the line - x ¢+ ¥ - 1.

a = 21 = 23 p = (-1 4 I/VE
B g0 = &3 %? = 1 ¢ /Y2

a = b = 341 - 1 p*-b:ﬂ

(a - b) 211 4 33 5z V2
(a - vz 10 {a-b]'%=-2;’ﬁ

Put this table of values into ( 5 ) and we get the following:

a
U = 24 4 33 { ¥ = b} = 25
Thus our required circle becomes:
A 2
(8) (x - 2) ¢ {(y = 3) = 25
Exercises
1 Find the equation of a circle thru the two points L0y B s
and ( L, L ) with its center on the line 2 x ¢ v = 3

2 Find the equation of a circle thru ( 5, 2 )}, and ( O, + 3 ],

with its center on the line x 4+ v = 2,
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3-5 Equation of a Circle Thru a Given Point Tangent to
a Given Line and with it's Center on a Given Line.

Fige 3 « &

Let a be the vector to the given point. Let the sguations
gf the tangent and line thru its center be given respectively
y:

{3 ) g moamy
(2) Pep = Py
(3} {U"ajg:b

where b is the radius of the required circle and U is the vector
from the origin to its center. From the sketch we may write the
following equations:

]
S« U 4+ (U - &), = 8.

|
Subtracting S « a from both sides of this equation we get.

( L } S" (U -« a)}) + (U - a) = Sn" 52 a = M
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[
Subtracting P * a from this last equation we get:

ol Pl' (0 =« a) = I% - a+ P T N

Dividing ( 4 ) by { 5 ) thus cancelling the magnitude of { U - a )
and clearing of fractions we get:

( 6 ) gl y & o) =0

g = ¥ = § n = N
From ( 6 ), according to ( 2 ) 1 - 2 chapter 1, we get:

! W =

(7) (0 - a) =(da £ dYd-1)4d,
Multiplying this last equation by PII we gets
( 8 ) Pl-{U—a]':P’-[digtdt-lﬁit.‘L
Divide ( 5 ) by ( 8 ) and we get
{9) (U = a), = R/L
Multiplying ( 7 ) by ( 9 ) and transposing the a and we get:
( 10 ) 0 2. pIWEILE & EVA w0 34

We can now write our equation:

(11) (s =521 % (y =T 2 toa)" = ai"

W e shall do a numerical for this problem to see in detail
how the New Styling of Mutation Ceometry does itsproblems.
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Ixample 1,

Find the equation of a circle thru { - 1, - 1 ), tangent to
the line whose equation is

x ¢ 2y = 8 ¢ 5)5
and whose center is on the line whose equation is
X o+ ¥ =5 K.

In this case we can write the following relations:

A L01%E £ F3
P qa g 32
s' = (i %25¥YV5
84 = (& 4+ 5 (3»}} VE?
SJ' a = - 3/?7;
Sy ~ S+ a = (11 ¢ 5}@}!}/_5 = M
B = 5iYe
P’. B E o Eflrg

P, - Pea z 72/YV2 = x

n = /N = (11 + 5¢V5 W2/7/5
anP =1 o+ 5V (4 t j)

a = o -8 = (¢ 5YE L 4 (=3 4 5/5) 5)/9/5
Tz ((3 - 5¢3)1 ¢ (& + 5/3)3)/7/%
.
d = (275 ¢+ 100V5 )/25

a“ - 1 = (30 + 1073 )/25

a¥ - 1) = 4 (5 V51703

(
dia - 2z (c(10 + 22/3) 84045 + 2975 ) 3)/25
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I t 'S . -
(¥ = a)}F & (42 4(d = 12)14d
= L5 r6f5) 1 ?EDJ:&HGJ:IJ
i L
(0 = g)*F = 85 Y5 =
z F L
(U = a) = WL = 275 3 10Y5
33 ¢ 2YX¥3
(U - a) = (165 ¢ 6/5) 1 & (220 4 8Y5) j
55§ 275
1
Y= gd 4 3 T B = S' - S+ = &
We now write one of our equations:
a
{x-z}hf[y-slzs"".

For this equation we took the plus sign in the proto-type sol-
ution. When we use the negative sipgn we get the other eguation:

(2¢ + 10V53/9, k = (17 - 10/35)/9,
(55 + 2¥5 )/9.

h

This second equation is slightly ugly. It would be too much
to expect everything to be to our liking. It is as good as the
first one.

3 = 6 A GCenersglization

When one talks about a circle being tangent to a given line
it is implied thst the circle cuts the given, line either at
zero or 180 degrees. We wish now to solve the same problem as
above except that the required circle is to cut a given line
at a specified hngle. See Fig. 3= 5 .
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Find the equation of a circle passing thru a given point,
cutting a given line at a given angle and having its center
on a given line,

Let a be the vector to the given point, Let P and S be
the vector perpendiculars to the line thru the center of the
circle and the cutting line respectively,., Let b be the radius
of the required circle, Let U be the vector to the center of
the reguired circle.

From high school gsometry one knows that the angle between
two tangents to two circles at their point of intersection is
equal to the angle between their radii drawm to the point of
intersection. Let e be the cos of the cutting angle then the
perpendicular distance from the center of the circle to the
cutting chord is e b. From the figure then we may write the
following equations:

o = b

g {0 - a)
(23 3'-u+a{U-a},:s

L
Subtracting S ¢+ a from both sides of ( 2 ) we get:

I

1
(2} B+{0 - g) # a{1W <« a}) 3 8, = S-azN



E k) PeU = P,

Subtracting P‘n a from both sides if this equation we get:

]

(5 3 F*f {8 - i B R =Rias #

Dividing { 3 ) by ( 5 ) and rearranging we get:

t
{(6) de{0 - a) = =

where d is the same as in the last developement., The only diff-
erence in this equation ( 6 ) and the equation ( 6 ) Of the
last developement is that the 1 there has been replaced by the
e in this equation. Each step in both problems from here on to
the end is the same, the content of the prototype solutions,of

course, being slightly different, The solution for the proto-
t?pq abova 1is

I [ -
£ ) F o« AF 2fat & 4 ldk - )l .

'
Multiplying both sides of [ 7 ) by P we get:

i [} -

(BF Boi¥ - 4] $55Lea 2 a0 &8 25,

Divide { 5 ) by { 8 ) and we get
(9) {1 =~ aly = WL

Multiply { 7 ) by { 9 ), getting ( U =~ a ), then transposing
the a and we get a desired result:

(10 ) i E a % PN TeE @ T . A
{ 11 {x-hlmf(]r-k}":[!VL]L.
£:42 3 ({x - H )’ + (y - K )= 3

The last nthesis is to be filled in with corresponding

numbers when the sign in the proto-type solution is changed.
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Example 1 .

Find the equation of a circle passing thru ( - 1, - 1},
cutting the line whose equation is

x+2y:8+2.5}/5_

at 60 degrees and having its center on the line whose eguation is

x* 4 ¥ & 3

We may them write the following relations:

& =2 =P8 & 81
s (1 o+ 23)0/5

nﬂ'ﬁ
11

(8 ¢+ 2.5¥5)/¢5
- 3/(5

g
§ - Sea = (11 + 25Y5)//5 = m
Pﬂ

= 52
P*-a — - 2;"[2'
P s (it ¢4, 3)0//2
B s Frd & 99E 2 W
noz M =yzZ (1 + 2.5V53Y 7¢/5

& = nP -~ 8 = Lh42.5V8 lgs { =3 2575}
¥

(+3=2.5)5 i3 ( b 2.575 )3
75
a"= 85 4 5V5

L 9

d-e:?ﬁ.zﬁ_{'ﬁﬁ
245

o o
it




& = B {5 ¢ G-S?kg-}f?frgn
od = (&4 ¢ 2.5V5 M (~3 4 2.5(3 13
73

afe s & = Lives 22ﬁ4é%+ (52,5 + 2915 )3

a3 alas o 1__;05+5»¢gﬂ31+{1m+8¥5}j

(U =-a) '2{&&4-;.{ d-e) :rm5+6h/_ 1+{Yl_1§0+8}f§'h
a*> + 10

(U0 - a) = 1205 ¢ 6V5)i ¢+ (140 ¢ 8Y5 )]
‘ : (35 + 2757
g2 L7 % 5Y5)5 & (105 + 6/5)5 = 21 ¢ 3 ;
(35§ 27571
L
tx =&Y ¢ lye=a0g &"

is the first of the two answers, The other answer may be ob=-
tained by using the negative sign in the proto-type solution.

3 ~7 A BSecond Generalization

A line passing thru the center of & circle cuts that circle
at 90 degrees. We wish now to find the equation of a eircle
paaiing thru a given point and cutting two given lines at given
angles.

Find the equation of a circle passing thru a given point and
cutting two given lines at given angles, See Fig, 3 - 6 .



Let a be the vector to the given point., IetFP and 5 be the
perpendiculars to the two given cutting lines. let e and T
be the cosines of their cutting angles respectivelg. Iet U be
the vector to the center of the required circle. We may then
write the following equations:

Lk (U «< =k 5%
!
L 21 Pel ¢ ¢{0 = al = B
The last equation may be written:
i I
(3] PrA0 =al p ell smals Z-Praz B

and in identically we write for the other cutting line:

i i
( &) S« [0 = a) # 2(0 = g} = s,-8-a = W
Dividing ( 3 ) by { 4 ) and rearranging we get:

( 5 ) cs (T ~ a) = 4

{ 6 ) ¢ = P =n8

Th
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i
0]
I
B
Fy

b 3 d
{ 8 } n

!
2

Solving ( 5 ) we get:
t A

(2] (U - a) ={dc £ cfe™ =~ d) ¢
Fultiplying ( 9 ) by P and adding e we get:

i ¢ ! -
{ 10 ) Pe{U=al¢te = P»{decs+é F@‘- dL) e+ e I 7
Divide ( 3 ) by ( 10 ) and we get:
(11) (U = a) = WL

Multiply ( 9 } by ( 11 ) giving us ( U =~ a ) then transposing
the 2 and we chtain:

(12) U = a 4+ (ML) (de % &V =« @) >

We can now write the two required equations:

( 13 ) (z = BV ¢ {y = x)° = (wa)*
U ke § (x = h) # (y = 1% 2 (o)™

It should be noticed that the theory for the generalizations
is everywhere parallel to that for the particular cases. It is a
remarkable thing that one does not have to shift mental gears in
going from particular cases to generalizations. It is a salient
characteristic of Mutation Geomatry,

These generalizations here are only a foretaste of the complete
generalizations of all the essential theorems of college geometry
and be it added without any " shift of gear ", After that the
projective field, the most general geometry of civilized man .
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We shall now generalize the problem of section 3 - 4 in which
it was reguired t¢o find & circle passing thru twe given points
with its center on a given line,

3 -~ &8 Eguation of a Circle thru two Points and
Cutting Gimen Line at a Given Angle.

Find the egquation of a circle passing thru two given points
and cutting & given line at a given angle, See Fig, 3 = 7

Y

Figc 3 -7

Let a2 and b be the vectors to the given points, ¢ the radius
of the required circle and d the vector perpendicular distance
from the origin to the given line, Let e be the cos of the cut~
ting angle. Let U be the vector from the origin to the center
of the required circle. From the figure we may write the follo-
wing equations:

'S A ™
{ 1 ] Ll =~ %) 2 (s mY = 8=

|
( 2 ) de U % e U = aj & 4;
|
Subtracting d * a from both sides of ( 2 ) we get:

I I

{ 3 ) d*{U = a) ¢ el « a) z d. «dea=zs M

76
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From { 1 ) we get, after squaring and rearranging.

o 2

(&) 2({b - al* (U - a)Z (b - a) = N
Dividing ( 3 ) by ( 4 ) and simplifying we obtain:

{
{ 5 ) n+*{U - a) = e

1
( &) B2 4g -
(7) £ = KN, g = 2(b-a)
Solving ( 5 } we get:

1

(&) (U - a) = (en ¢ 2ln - )™
Multiply ( 8 ) by g and we cobtain:
{ &} g¢{TJ—a}":g-{enj-_‘r'fni-et}ﬁx:L

Divide { 4 ) by ( 9 )} and we obtain:
-
LA ) (U - a), = N/L

Multiply { 8 ) by { 20 }, getting ( U - a } then transposing
the a and we obtain the vector to the ¢enter of the circle:

(11 ) U:a:ftm?L]{entHFn"-e"}zft

From this last squation we may write the answers:

L A

& L .
[ 12 ) {a = ) % (3 <« EJ ( N/L )

[ a 5
{13 ) {xz = h) ¢ (y - k) )

K

The last parenthesis is to be filled in with corresponding
numbers when the sign in the proto-type solution is changed.
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3 = 9 Tangents to a Given Cirecle

Tangents may be drawn from a given point to a given circle
provided the given point is not inside the given circle. If the
point is outside the circle two tangents may be drawn from it to
the given circle, If the point is on the circumference of the
circle then the two tangents coincide and become one in loecal.
They both may point in the same direction or one may point in one
direction and the other in the opposite direction,

Since we are more interested in generalizations in the New
Sclence of Mutation Geometry it would be better to talk about
lines thru a given point cutting a Eivﬁn circle at a given angle
or of lines cutting a circle atia given angle that have a speci-
fied direction, the tangents appearing as special cases of the
more general viewpaint. This we shall do., See Fig. 3 - 8 .,

3

SR

L/

N

Fig. 3 - 8

Find the equation of a line paaaini thru a given point and
cutting a given circle at a given angle.

Let U be the vector to the center of the given circle of rad-
ius a, Iet b be the vector to the given point. Let ¢ be the
unit normal to the required line., From the figure we may the
following equation:

£ 3 c+* U 4 ae = ¢ceb

where e 1is the cos of the cutting angle. This may be written:
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£ 2 3 d+¢c = ae
£ 3 ) d = B o= U
Solving ( 2 ) we obtain :

( 4 ) c:{aedigpdt-{ae}t}d“-

The equations of the lines may now be written:
( 5 ) ce ¥ 2 cob

There will be two equations, one for each value of c , The diff-
erent values of ¢ being due to the two signs in the solution of the

rroto=type.

When e is unity we get the two tangents thru the point b, It 1s
to be noticed that we get only one line when d is equal to & e.
This i=z never possible as long as b is outside the cirele. It is
possible when b is inside the circle and it is a possible state of
affairs for cutting lines, not tangent lines, When e 1is zero the
cutting line passes thru the center of the circle and in this case
we get only one cutting line a s it should be.

Une can accomplish the same result by reducing the size of the
given circle then finding the tangents to this reduced cirecle but
it is mlightly less instructive to do it that way. Another by-pro-
duct in doing it this way is to gain some sense and feeling for the
modes of attack of Mutation Geometry.

If the lines cutting a given circle at a giwen angle are required
to have a specified direction then we must relax the requirement that
our ¢ be unity. In this case we shall let c be the vector distance

from the origin to the required line. We shall then get the two
values below for the magnitude of this perpendicular distance:

{ & ) e, = e+ U 4 ae
(7)) €, = e'* U - ae
Then the equa tions of thes lines are:

{8 ) g e ¢+ U 3 ae

{ 9) cer = ¢+U - ae



Example I.
For the first example we do one in tangency. In this case the
e 1a unity in the proto-type solutlion.

Find the equations of the tangents thru the point b ( - 10, 8 )
to the circle whose equation is:

k.

3 i
{x » B ¢ Lty - 3) 25

£ =10%f 4 8]

U = 2L 4 33

g2 b wldn=B1 3 %3
a 5

Here

fd'"- a =412

g %2 (5] =334 ¢ § 314855 +32 3 1)/168
c = -(1204 ¢ 119 j )/ 169

¢+ b = 24,8/ 169

Cur first equation then becomes:
120x ¢+ 119y = - 248

It is easy to show that the distance from the center of the circle
( 2, 3 ) to this 1line is 5 showing that it is tangent to the cir-
c¢le. It also passes thru the point b { - 10, 8 ) thus fulfilling
the requirements laid upon it. To get the second tangent we use a
H%E?' 12 instead of the plus 12 in the proto-type sclution. Doing
thie we get:

169 3/ 169 = j
c+b = g

c

The second tangent then has the egquation:
¥y = 8

It meets all requirements also. See Fig. 3 -9 .



Fig. 3~ 9

The sketch above,in F:ng.. 3 = 9, depicts the situation for
example 1. We shall next illustrate with an example which will
deal with a cutting situation.

Example 2.

Find the equations of the lines passing thru the point b (- 1, & )
and cutting at arc cos 1/5 the circle whose equation is:

e

bk sxl s v =98 22

L1

Here ] 23 ¢+ 21
-1 ¢ 4
d 8 0 5 =31 § 3§
= 1/5
= ( (=3¢ 3) 204433 ) 3 )/10= = (3i443)/5
c+«bd = -13/5.

o
"

81



Cur first cutting equation then becomes:
3xz+4y = 13

The effective radius of the reduced circle is s a = 1 and it
is easy to show that the line above comes within a distance of 1
of the center of the reduced cirele { 2, 3 ). To get the other
cutting line we have:

e 2{l=3% 237} 4 31021 583 )1)10

c =

c*b = A
Our second cutting equation then becomes:
¥ = 4

It is also easy to show that this line passes at a distance of 1
from the center { 2, 3 ) of the reduced circle thus showing that
it is a proper solution. BEach equation also passes thru the spe=~

cified point ( - 1, & ), 3See Fig, 3 - 9 for a view.
Exercises
L

1 Find the equations of the tangents to the circlex + y = ¢
which are paralle to the line 3 x + L ¥ = 10.

2 Find the equations of the tangents to the circle i%+ y?i 4
which are perpendicular to the linex - 2y = 3.

%

3 Find the equations of the tangents to the circle x ¢+ y = 1
which pass thru the point ( 1, 3 ).

L Find the equations of the lines thru ( 6, 6 ) and cutt-
ing the cirele {x - L )%+ (y - 5 ) = 4 at 60 de-
grecs.

5 Determine the angle made by the line joining the points o
{3, 5)and (1, 4 } withthe cirele ( x =2 P+ (v -3 )=

6 Show that the line 3 x 4 Ly = <7 is tangent to the cir-
cle (x - 2 4+ (y = 3 ?i =

82
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3 = 10 Commom Popints of a Given
Iine and g Given Circle

The equation of the circle may be written :

(X ) (& « BL 8 &

g nd that of the line mzy be written:

i b r = ¢

Subtracting b + U from each side of { 2 ) our equation becomes:
(3] Bwlr = B) 8 ¢ = he B & 4.
Dividing { 3 ) by { 1 } and we obtain:

!
[dy 3 be {r - U) = gfa = ¢

Solving { 4 ) we obtain :

i e -

€53 {r-U}:ffbib}’bm—fL)bi
-t = = &

(@b % bYab - )b

(73 r = U ¢ (db £ b T = wr e

( 6 ) (r = U)

Eoguation ( 7 ) is the answer sought. There will be two, one

or no points according as ab is greater than, equal tc or less
than d. ZEquation ( 7 ) is a very beautiful expression. To
help the student in the new technique we illustrste with the
following simple example,

Example 1.

Find the common points of the line and circle below :

¥ 4 23y .= 13
£ S A
(= 2Fr ¥ tlg= 3}V EFE 25



Hare b

o
] i
i e
H

—
s

fis ]
o e
LY

o o= A
b o lE 2 8
g s bogl = A = 4
a = &
b"':5
a"b,': 125
y
d = 328
\/aLbLHdL e 10
® T 24 4 371 3 E4 $ 23 $ 2t=24 4+ 3§

» = @i % 73

r = 231 433 441+ 23)F - 2(-24 7))
r = 7i1i ¢ 3]

Cur two points of intersectiom then are (- 1, 7 ) and ( 7, 3 ).

The student, nec doubt, knows how to solve the problem by the
older and conventional methods, that is to substitute the value
of ¥ from the linear equation intn that of the circle and sclve
the resulting quadratic equation by esither completing the square,
factoring, or using the gquadratic formmla, or some other way. He,
if he is careful, will obtain the same answer as that zbove,

Note now that ( 7 ) is simply the proto-type solution. It may
be seen by actual substitution that the two points satisfy both
the line and the circle and thus they are common points or points
of intersection,.

Exercises

By proto=-type solutlons find the points of intersection of
the pairs of lines and circles below:
T 2
xt3y 24, {x=-2)}¢t({y=-3) 25

¥y 2 2, {x+1}"+£1r-2}":1

[

BJ
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3 x#y = 3, (x¢3)Vply=-4r=z 9
& =
&y te¥ =2 Amelljaplp=k} & 4
; x-y = 2, (x=-5Pely-22s 1
6 x+7y = 3, (xsZ)Ysl{yrd43 )= 25
3 = 11 Common Foints of
Two Given Circles.
The equations of our two given circles may be written:
2
L ) (r - BP) = a™
1
[ sz ] (¥ = 8) = B—

The difference between these two equations may be written:

{ 3} o

d

¢c = 2(P = 8]

g = Pm - S‘ - + Em

Bquation ( 3 ) is the equation of the Radical Axis of the two
circles. A gart of this radical axis is the common chord. See
Figi 3 - &




Here it has been convenient to use P and 3 for the vectors
from the origin to the centers of the circles whose radii are
g and b respectively.

Cne may now solve the linear equation, the radical axis eg-
uation ( 3 } with either equation ? 1)er (2 ) and find the
common points of the two cireles which are the same points as
the commen points of the radical axis, the common chord, and
any one of the circles. This solution will have the same form
as equation ( 7 } of section 3 - 10,

The solution in ( 7 ) is that of a line and a circle and it
is once and for all. One needs never to do it over provided he
is satisfied with the correctness of the solution there given
and any error in the solution would scon show up in the solut-
@ion of a number of numerical solutions. None has ever shown up.
We accept it as correct. In any situation then one only has to
put in the proper values of the constants there given.

If one subtract the two values given in ( 7 ), the one from
the other, calling their difference g, we obtain:

(4 ) ¢ s lLaB VB - Y95
{ 5 ) B zl/a"— q B
Hare a = a
B m B8R « 5]
L B 2 2.
d &8 ={(F - 8) = a ¢+ B
U = P

For two circles the a,b,d, and U in { 7 )} are to be replaced
by their values listed above where the b in d is the radins of
one of the circles.
Equation ( 5 ) above gives us the length of the common ch-
ord. We do an illustrative example:
Example 1,

Find the points of intersection and the length of the com=
mon c¢hord of the two circles listed below

25

——
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1
™
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e
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Here P 2 P = 21 £ 33
3 = = 0i - 3]

bt = 5% $ 123
L
b = -124i % &3
-8
b = 160G
a- = 25
d = = 60
o,

[ B - dl = o

s 4 3 - 60 ( 4 1 412 3) ¢ 20 (= 12i443)
1 J+1 s

[

H
i

r

l % 33 = F1 = %3 5z =i = J

for the second value of r we change the sign of the 20 in the
above equation and obtain:

¥ 2 BE 3 5 B ~ 54 2 8F - B

Thus the two points of intersection are (-3, -1 )} and ( 2, - 2 ).
The distance between these two points is

It is easier to take the difference,square and take the square
root directly with the arithmetical numberq than to use the di
ance formula g in equation ( 5 ). We confirm owr answer'ﬁ%ﬁ
with that formula,

2y25 - 3600/160 = 225 - 15/2

5/2 = Y10

g
1]

1]



Txercises

p & Find the lengths and equations of the common chords of
the following pairs of circles:

ik i Eth{ y—.31L=25,E X + Eﬁlfi v+5 )= 25
2 {x+1.r+{ v+ 2 ﬁ:h, (x =3 ﬁ+{'yu2 f:zo
3 [::1-2}"“1-(?-3]1:1,{Ki-l}q'f-(}r-E]lL:l
b Ex-Ipr( y+2 V=9 ,{x-zf}i F+J.f=5

3 = 12 BHBedicasl Center

It will be shown below, see Fig., 3 = 11, that the radical
axes of three circles, taken two at a time pass thru a common
pnini. This point is called the radical center of the three
circles,

¥

_ Ol : x
‘""'--...___'___...--""" \
Fig, 3 = 11

et P, 8, and U be the vectore from the origin to the
centers of three cireles whose radii are a, b, and ¢ res-
pectively. We may then write the three following equations:

88



(1) {wp ) e

= a
(2 ) (r=-5)"= »p™
{3 ) (r-U) = %

From these three egquations we obtain the three linear equati-
ons:

{ 4L ) doa® 2 oL
[ 5} g« T =T M
[ & ) g = 0
&'z 2l P=8
g = 2 (P =-1T)
T B5 218 -0
- L= . =
= P=38 =g ¥hb
M oz P-U-ap et
L.

2 el B he™
Solving ( 4 ) and { 5 ) a ccording to & ( 11 ), 1 - 5 we get:

{ 7 § r SiMa < 1 e ¥

Put { 7 ) into the left side of { & ) and we get for the left
side of { 6 ) the expression:

'-fo'E—L.f-;)fl:d-EJ

By actual multiplication one can find:

£*d = £, = = d,8
Thus the left gide of { € ) becomes: M - L = K which is

the right side of ( 6 ) . Thus the three lines are concurrent.



Shifting Slurs

In any equation containing slurred products it is permissable
to shift the slurs from one factor to the other provided the sign
of the whole product is changed. At times this is very conveni-
ent in simplifying complex expressions. Tt is one of the beauti-
ful facets of kutation Ceometry. In fact we used this facet in
establishing the identity:

et L
=

fa g = e = =d = e.

Zquation-wise it may be written in the sgymbolic form:

- L
£ B3 g8+*b = - a+«hb

This is a very important equation in lutation Geometry. It is
a corollary of the alpha postulate. It flows directly from it,
It is one form of the tempo-local invariance required and de=
manded of the alpha and omega products. For 2 visual " Proof "
see Fig, 3 - 12 .

il

Fig. 3 =~ 12

The first sketeh on the left is that of wveectors a and b with
angle s between them and its alpha product may be written:

& +b = abcoss

The equation for the second sketch may be written:

2°b = abecos [ % =85} = absins

The eguation for the third sketch may be written:

e
a*b = zbeos | SO ¥ ) = -5 b sin s



If one compares the last two equations it is seen that eq-
uation { & ) is true.

Example le

Find the radical center of the three circles whose equations
are listed below.

T
(x-zllf{:f-B)L: 25
(=3¢ {r=121T2 40
e ™E 1 v - 0 }t = 5

I we take the difference between the first and second and the
first and third we get the two linear eguations:

% v Z¥ 5 o=
x % 3 ¥

the solution of which is the radical center point (- 7, 1 ).
Zquation { 7 ) gives the same answer. W#While equation seven
is formally correct it should be kept in mind, as we pointed
out in the section on system solutions, that one ghould not
make use of the denominators, if one wants to solve a system
easily. Any other combination of the three circles will give
the same point since we proved that the three chords pass thru
the same point.

Exercises

Find the radical center for the following set of triplets of

circles;

1 [ x4 1 f’{ ST
fwwd I & (el fr

teed i fygag

17

1

I
W

9



L

2 x & Yy-Lx-6yv4%+8 =2 0O
th yt— 2x-8y 412z 0
xL+ Y‘— S X = Py L =T U
b .
3 Z+v4+43Ix+ly-2 = C
- .
X+ v +2x=-1v=-5 2 0O
LT
X+ y+5x-2y-102- 0
- o
A X+ v+ 5%x-2y -7 = 0

-
TEYIIe~ Dy g g0
x‘-}-y“{-?x-j}f-ﬁhi‘.ﬁ

3 - 13 Linear Combination
of two Circles

If two circles intersect any other circle thru their two
points of intersection may be written as & linear combination
of the two given circles. Let the equations of the given
¢ircles be written:

. [+ =P }m.: a™
L@ o i i

Then any circle thru their points of intersection may be writ=-
ten:

o L 0 R fi- ) = [ewd )b

where k is a scalar multiplier. This is so for if ¢ i1s a vector
to a common point on both circles it will satisfy both ( 1 ) and
{ 2 ) and thus { 3 ) for it reduces each side to zero.

92
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If ¢ is any other point other than the points of intersection
then the cirecle is required to pass thru three points, the two
points of intersection and peoint ¢ and three conditions determine
the circle completely. Substituting ¢ for r in { 3 } it deter=-
mines k:

2
)

L ™ ﬂ"l-.
{ %) ko [le=8)<=b 3 [ {e=P)=g)y

The student should note how equation [ 3 ), for convenience,
is written so that in solving for k one does not have to collect
a lot of terms before one can divide,

With the k value in ( 4 ) put into ( 3 ) it may be written in
the form:

-

sl (s uire Q

U8 [RPa8 ik <)
4. =
d":b+f‘£‘+kf{?-3}-a"-h"} 1A a3 455

Nete carefully how the k occur in the expressions for U and 4 .
Fguation [ 5 carries a lot of potential. We have already shown
how to find the k in ( 5 ) when the the required circle is to pass
thru the point of intersection of two given circles and a third
given peint ¢ and of course this is to be done without finding

the polints of intersection of the two given circles.

There are three wvery useful result3that may be exploited out
of equation { 5 ). They are:

Find the ecuation of a circle passing thru the points of inter-
section of two given circles and passing thru z specified point.

Find the equation of a cirele passing thru the points of inter-
section of %wo given circles and cutting a given line at a given
anrle,

Find the equation of a cirele passing thru the points of inter-
secilan of two given circles and cutting a given circle at a given
angle.

Before we deal with the theory of the later twe of these we shall
do an illustrative example relating to the first of the three,



Example l.

Find the equation of a circle passing thru the points of inter-
saction of the two cirecles whose equations are:

- i
{x=-214+1x-73 1t': 25
(x=-0)a({y+43)%2 s

which will pass thru the point ( 3, 1 ) . Here
P 5 233833
2 = BLl=E]
g = 3a#El
ar = 25
b = 5
{ec-25 }L— b a 20
(e -P }L— a~ = =20
K = 20/ z wl
F 2 1383
dh = 5

The required circle then becomes:

P

.
(x=1)4+{y=-0) = 5

Az a confirmation that this c¢irecle 1= the correct one the points
of intersection of the two given ecircles are ( -1, - 1 ] and

( 2, = 2 ) and the given point is ( 3, 1 ). All three points are
geen to satisfy the derived circle and thus it is the proper one.
For a sketch of this example see Fig. 3- 13.

In the section on college geometrv.vet to be done, these exam-
ples or at least a2 good number of them will be done from a mechani-
cal standpoint, that is with 3 compass and ruler. There we shall
make certain simplifications in reference to the origin if we have
an origin. It is good to know what to expect. We shall see,

Gy
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\\\er’z]/-/z}

"{ﬂ,-aﬁ
/

3 Fig- 3 o 13

The above sketch is for a circle passing thru the points of
intersection of two given circles and passing thru a third peint,

For the case of a circle pasgsing thru the points of inter-
section of twe given circles and meking a given ancgle with a
given line we write,as before, for the equations of the two
given circles:

| B
( 6 ) (r=-P) a
kS b'b-

(7} { =8 )

and for the required cirecle we wrilte:
b L

(8] [E=03" § &

where U and d are given under [ 5 ). Let the equation of the
given line be.

{9] 2 Rl S i -

let the cos of the cutting angle be denoted by f. See Fig. 3 - 1L .



“""'--__-""f = &

Fig., 3 - 14

From Fig. 3 = 14 we may write the followins equation

| 3 el 3+ Bd = o

aQ

Futting in the values of N and d frem ( 5 } and solving the re-
sulting guadratic in k one obtains:

L
= 2 F oy i%m - & BT FE3
9 % £ 1 i
1 = af-e4+2eP= (as+r}

N = Bf-et+2e 35 - | e'- g

With the value of k commuted above inserted, equation { 5 ) gives
the required esguation; a circle passing thru the points of inter-
section of two given circles and cutting a given line at a given
angle., The amount of work here seems considerahle in comparison
with that for the same problem done in § 3 = 8 . One must use
good judgement in the choice of his methods of attack., It is not
dificult to find the two points of intersection of two glven cir-
cles and then one ms¥ use them as in § 3 - 8. There are many things
to consgider in making a choice. Zlegance is ons factor. T like to
see my answers come out looking polished. Zase of execution is
another factor, Uzse and elefZance are not 2lWays sSThnonomous.

3 = 1L (Gircle Thru two
Points Ontting a
Given Circle at a
Fiven Angle.

96
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Find the equation of 2z circle passing thru two points and
cutting a given circle at 2 given angle. See Fig, 3 - 15

¥

Fig. 3 = 15

Iet 2 and b be the vectors to the nlven peints, U the vector
to the center of the required circle. Let ¢ be the vector to the
center of the given cirecle whose radius is denoted by d. Let e be
the cos of the cutting angle. Let f be the radius of the required
circle. From the fizure we may write the following escuations:

{ L} (s ) B B

L o =
(2) (U=ec ) = £42ef,d3+4d

% .S —
;O {U=e¢) z {(U=-b)+2ed(U=-b)+d

(]

Simplifying [ 3 ) we obtain :

2
(i 2CbepTalU-B)=Bed{tubladt{esbls
If one produces the vector [ U = b ) until it forms a diameter and

projects this diameter on the vector [ a - b ) one will get the
magnitude of ( 2 = b } or equation-wise we may write

{ ) EEa-b}.[r-h}:{a_bﬁ‘_M

Dividing ( & ) by { 5 ) and rearrange and we obtain:



(& ) BHesllU=b] = o8
B = dt— c =-b VA a = | j=
H = p=-¢c=n{a-=>3b)

|} we obtain:

-"-:
!
o
[N
m
(=9
=
i
¥
L]
i
o)
s

{ 8 )
[ L st ('™ i b -
2{a-ble(U-b)z2(a~-~b)(edBaHfH -ed)H
= N
Divide { 5 ) by ( 8 ) and we get:
{9) (U =-b ), = M/N
Fultiply ( 7 ) by ( 9 ) , getting ( U - b ) then transposing the
b and we obtaln the vector U to the center of the required circle,
3 = wt o f TS
( 10 ) U = (MH/M)(edHaHYE-ed )+ b

The required equation may now be written:

B - : e
{ 1 |} (x-h)¢+(y=-%k) = {(mu/n)

There will be two of these circles; one for each sign in the sol-
ution of the proto-type.

We point out that there is no necessity to give
coordinates to a, b, and ¢. If one does not need them
then every line in the solution in equation (10) mavy be
constructed with ruler and compass.

In this case, this problem will be recognized as a
generalization of one of a sequence of steps in the old
Apollonian problem of construction a circle tangent to
three given circles.

o8



Emancipation

The student, up to this point, no doubt has been struck by
the total absence of any inter-dependence of one proposition on
any other. This is a remarkable fact in the nature of the New
Science of Mutation Geometry. No sequence,loglcal or illogical,
is present. How could there be any need for any sequence when
there is only ONE proposition in the whole geometrv.
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creative geometry and the progressive march of civilization
have always gone hand in hand., After the Greeks geomebry seems
to have taken a dive thru the dark ages. In the geometric ren-
aissancs some of the more important contributions were:the Trin-
civle of duality by Poncelet and Gergonne, The Barycentric Cal-
culus by lebius, FProjective Geometry, perhaps by many, among
whom we mention Von Staudt, Desargues, Analytic Geometry by Deg-
cartes, and non-Euclidian CGeometry by Lobachevski and Hoylai.
Of all the different forms of conventional geometry, perhaps, one
could choose projective as the most genersl. Cne may derive the
mensurational geometrvy of the ancient Greeks from projective by
laying certain conditions upon its transformations. Helativity is
intimately connected with Riemanian geometry, the eliptic form of
non=fuclidian geometry. All these conventional geomstries depend
on logical order for their very existence. They cannot move with-
out it. Mutation Ceometry is not bound by any such restriction.

When one goes from say projective to mensurational geometry
one has to sort of shifit mental gears. There is a break.

When one goes from Mutation Ceometry to projective, analytic,
or mensurational geometry there is no bresk . It is the same whe-
ther we are dealing with magnitude or telative position of the
elements under consideration. We do only one thing: If the item
under ceongideration is in the alphz state we solve the proto-type.
If it is in the omega state we bring it to the alpha state by
meens of the Cmega Proposition, the Proposition of Mutation, and
then solve the proto-type. The Proposition of Mutation then must
appear as something of a Universal Froposition.

1f what we say is true then Futation Geometry would appear as
the most general Zeometry that man has been able to devise, 1t
might be truly called Pan-geometry.
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3 - 15 Cirecle Passing Thru a
Given Point Cutting a
Given Line and Cirecle
at Given Angless,

Find the eouation of a c¢cirele passing thru a2 given polnt
and cutting a given line and a given circle at given angles,
Sea Fig, 3 = 16 .

Let a be the vector to the given point. Let b be the vector
perpendicular distance from the origin to the cutting line. Let
¢ be the vector from the origin to the center of the given cir=-
cle whose radius is denoted by d. Let & be the cos of the cutting
angle between the two circles and g the cos of the cutting angle
between the given line and the reguired circle, Let U be the vec-
tor from the origin to the center of the required circle whose
radius is dencted by f. From the figure we may write the following
equations:

£ L3 LG -8 b B E
!
£ &) b=U48f T %
Equation ( 2 ) may be written in the form:
i

(3 ) be(U-a)tgl(U-a)lzb-beazn

) L % -
[ & ) (U -¢c)=f+2edf+d.
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Equation { 4 } may be written in the form:

(5 ) 2la-¢){U-2)-2ed(U-a) =N

¥ = dl - (a=-c¢ ]f

Dividing { 3 ) by { 5 ) and rearranging we obtain:

!
( &) B iU0=-8) = B
M/H
I
H =z 2nla=~c) -0

n

G = g+2Z2ned .

Solving the proto-type in equation ( & ]} we obtain:

I
I wr o e - 3
(7) (U-2a) z(cH 4+ HYE - G)H
1
Multiplying { 7 ) by b and adding g to the result we obtain:
¥ i I i L‘ﬂ--"
{ 8) bs (U~-a)4g=b+ (GHHYHE -G)H +e2=L
Divide ( & } into { 3 ) and we obtain :

{ 9] (U-a) = WL

Multiplying ( 7 ) by ( 9 ) and we obtain,after transposing the a:

{ 10 ) U:a+{r-:fL}tGHg:ﬁ}AI‘-G"}HJ'

The eguation of the required circle may now be written:
- e *
[ 3% | (x-h})4{y~-k) = (ML).

There will be two circles, one for each sign in the proto-type.
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Example 1.

Find the equation of a circle passing thru ( = 1, = 1 ) and
cutting the line and circle:

X4y = 12
2 2
(x+2)+{y=-7) = LG

at angles:

cos 7y”§/sa
ebs-6/10
respectively,

Here & 2 =i=213

=2t .77 4

- 6/10

7 ¥2/10
(i+3)/V2
12/y2 = 6Vz2
= 7

(a=-¢) = 1-83

vea = -Vy2

M 2 by~ bea = 7y 2

7]
]

o0 @
]|

=4
"

N = g*- (a=-c)™= « 156

n = NN = - 7¥2/16

2nla-c)=-b =2 (-1144523)/8
G = g+ 2ned = 35/2/8
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= 2825/32
¢ = 1225/32

H - § = 5¢Y3%
oz -Y2 (524 ¢ 1j)/8
GH = (=385 i ¢ 18203 ) / 32

5V2 § = - (20801 ¢ &40 5}/ 32

{GH-sfz‘ﬁ}H"':{si+h-:j}f5

1 —t =k
L:b-{GH-ﬁﬁH]H“{g: 7Yz / 5
M/ 1L = 5

U = wi=3 % (31%L3) = 24437

and our reguired circle may be written:

2
(x =2 }1 + (v -3 FHE 5

The second circle is obtained by changing the sign in the sol-
ution of the proto=type. It is

8 L -8
{x 4+ 53 /41) + (y - 235/41) = (565/41)
Testing shows that both eguations satisfy all the conditions.

The distance from the center ( 2, 3 ) of the first circle to
the line x 4+ vy = 12 is 7 /2 and if we divide this by the
radius 5 we get:

g siriva Is s 9¥eEtlt 1w
which satisfies. We also have the relation:
a. ", L
5 7 2 2(5){7)e =z (2+#2)3(3=7)"

whence g = & 600



In identically the same way the other circle may be tested for
compliance with the specified conditions.

We point out again that every part in equation ( 10 ) may be
constructed with straight edge and compass. In that sense it is
a problem in college geometry, If we were doing it strictly as
a problem in college geometry we would consider every thing from
the given point on the required circle which would bring certain
simplificatlons into the final expression. When we come to the
section on college geometry we shall re-do a number of the prob=-
lems here considered from a slightly different viewpoint.

3 = 16 Circle Passing Thru a
Given Point Cutting two
Given Circles at Given Angles.

Find the equation of a circle passing thru z given point
and cutting two given circles at given angles. See Fig. 3 - 17.

'j Fig- 3 == 1?!

Let a_be the vector from the origin to the given point. Let
b, e, €0sf, and ¢, d, &0s g be the vectors to the centers,
radii, and cutting angles respectively to the two given circles.
Let U be the vector to the center of the reguired circle whose
radius is denoted by p. The following equations then may be
written:

{ 1) (U-a) = p

105



i pwEl -8 Lald-is™

a
d't2dg(U-a)s(v=-a)?*

(2 ) B
(3) { wsig P

T

From equations ( 2 ) and ( 3 ), after simplifying, we obtain the
following two equations:

(&) 2la-b)e{U-2)-2ef(U~2) = M
( 5) 2la-c)+{U~2)~-2dg(U=~-a) = N
Mz e-= (a = b)*
N =z da*- (a - c)*
Divide ( 4 ) by ( 5 ) and simplify and we obtain:
(6 ) Hep = G
n = I:'lfH
H = a=b=-=nfla=-¢)
G:ef-ndg-
Solving the proto-type ( & ) we obtain :
(7 ) p = (¢ H :MH’“- el Bl e
(8) 2{ga=b)ep =« 28F = L
(9) (U=a), = M/L
(10} U = a+(M/L){6H & EVE -~ ¢ ) H*

One may now write the equations of the two circles. One is
9 b o
(11) {x=h)¢+(y=-k) = (M/L)

The other circle is obtained by changing the sign in the sol-
ution of the proto-type.
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Example 1.

Find the equation of a circle passing thru ( - 1, = 1 ) and
cutting the circles
L 1.
(x-6) ¢+ (y=-5) = 1

1.
(%42) 4 (gs7) = s>

L]
at angles cos=f / 10 and ¢éos O respectively., Here

a = =1i=/7

b2 BX£8 3

e = -21i47]

e = 4

d = 5

T 2 8030

E 2 0

M = - 8

N = =40

i & el

H =z -9,14i 4 10,8
¥z -(10.81 4 9.13)
B = 199 . 45

G = «~84 10

& = 64 / 100

Vit - ¢¥ = 1.

L3

H - 7.28 i + 8.6k j
:u-l-l-l = - E 152-28 i + 1231-31 J
G H4 1.l H = - 159.56 i = 119.67 j

"

Cne can save time here by using equation { 5 ) instead of ( & )
in developing the L value since the g term in { 5 ) is zero.
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L E<w'Y & PLEISBL]) -
2(4~-83)e( - 159.56i- 119.67 § ) = 1595.6 .
N/ 1595.6 = = 40 / 1595.6 = -~ 1 / 39.89 .

- { 159.56 1 - 119.67 j ) / = 39.89 = L i433].

U =-4i-3+(48+33) = 31 % 2]

One of the required eguations may now be written:

1 s
(Eos Ll gag) = 85

The other equation may be obtained by using the alternate sipgn in
the solution of the proto~type. It is left as an exercise for the
student. The equation derived above meets all the specified con-
ditions.

3 - 17 A Ceneralization of the
Avollonian FProblem

Find the equation of, or construct, a circle which will cut
three given circles at given angles. 3See Fig., 3 - 18 .
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Let a, b, ¢, be the vectors from the origin to the centers
of the given circles and d, e, f, be their corresponding radii,
and g, p, s, be the corresponding cos of the cutting angles.
Let U be the vector to the center of the reguired eircle whose
radius is denoted by r. From the diagram the following three
equations may be written:

(1) ) A fL = rﬂff 2rdg ¢+ e
iy

{2 ] (G=b) 2 ¢ + 2rep ¢ e

(.3 3 (U =-c¢c }1-: r + 2rfs ¢ £

Eg subtracting the first from the second and third we obtain the

e following two equations:

( &) A+ U

{5 ) B-«U Hr 4 n
A = 2{a-=-%)

2(a-c)

Mr + m

1

ep~-dg)

fs-dg)

a1 | 59 L5
a -~ b 4+ e - 4d

o o e B

it
A
——

.

B =2 =2 o
H
m

s

b

Solving ( 4 ) and ( 5 ) for U , according to § ( 11 ), 1 = 5 we
obtain:

{ 6 ) 1]

Dr 4+ E

D = (ME-NA)/4A.%
B = (mB-ni) Lk B

Put { 6 ) into { 1 ) and one cbtains the quadratic in r:
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y B o 0 b
t 7 (D-1)r+2(D,F-dg)r4F-4d = ©
F = E - a

Out of equation {( 7 ) one obtains two values of r. Put these two
values of r back into equation ( 6 ) and one obtains two corres-
ponding values of U, Xnowing the center and radius of a circle
one may construct it,

Equation { 6 ), a beautiful thing in simplieity, with the aid
of equation ( 7 } is a complete generzlization of the Problem of
Apollonius of Perga.

His Problem was to draw or construct a circle which would be
tangent to three given circles. Most solutions of his simple
problem,which one can find in most college geometry text books,
consists of a series of solutions of still more simple problems,
somewhat dependent on each other, until the final solution of
the Froblem of Apollonius is achieved.

This problem is a historical one, It is attributed to Apollo-
nius of Perga, a Greek geometer, Many geometers have studied
this problem since the time of Apollonius whe lived from 247-205
BC « The invention of analytic geomeiry by Descartes did not
contribute much toward the generalization or even the solution
of the original problem of Apollonius.

It ought to be pointed out that the generalization derived
above of the Problem of Apollonius does not devend on any series
of dependent solutions. Such ideas and procedures are entirely
foreign to Mutation Geometry., Order and sequence, logical or il-
logical, play no part in its power., 1In its full scope and sweep
of the problems of the geometric world it does not in any sense
depend upon order. This is an immense advantage for one can at-
tack problems as he finds them without any reference to any rel-
ations that might exist between the one under consideration and
any other problem in the geometric world,

In the section of college geometry we shall make an actual con-
struction with ruler and compass for th is generalization which
was developed above. OUne does not know what Apollonius would think
of it if he could see it but if one might be allowed to suppose
that he would believe in progress it would seem that he would beam
some surprise at Mutations Geometrys power over his Pet.
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Example l.

Find the equation of a2 circle which will ecut each of the foll-
owing three circles at an angle whose cos is written after its
corresponding circle.

L.

b umi ot mes Pe g e 5m

(x-S}q'-t{y—}}’": 3',' ———— 1 /6

(g = BT L 528 8 1 e 5 Pl

In this case
a = 0% 4 13
b = 81 + 33
¢ = 1i 4 93

g S 5715

-1 - 4]

B = & 24 % 267
£ &2 43 38)
E: 161 -~ 23
Mz -~ /5%

B = -« 1/2

m = - &7

=
&
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A+ B = - 2.8

ME = -41i % 1/23

A = <34 & B3

E » Hh = = (81 4 %54
D 2 (2% & 9831 88

E = (7361 4 1210 3 } / 248
F o (73641 & 962 j) /248
D - 1 = 60.25 /( 248 )= 1

DeF-dg = 8687 /L 248 ) - 5/ 8
P g 1467140 /( 218 i L

One root of equation ( 7 }, with the above values inserted, is
r E Ik

Put the values of D, E, and r into egquation ( 6 } and one obtains
B 5 3% & 57

One of the required circles may then be written:

{x-BJ-L-r {y - 5]1: 1-,"

The other value of r and hence U are easy to obtain. The student
will have fun doing the other half of the problem. B2y test the
equation above meets all the prescribed conditions.

With this generalization of the historical Problem of Apollonius
and the correlated example we bring to a temporary close the Mutation
theory of the circle. It would have been more proper to have con=-
sidered the circle in the general theory of the conics which is to
follow but we have followed tradition here and dealt with the circle
separately, We shall have more to say about it in the section on
college geometry hence the word temporary above. The circle is just
as truly a conic as the parabela,ellipse,hyperbola, or the degen-
erate forms. One will see this in tne general theory of the conics.



