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CHAPTER 4.
CONICS
. = 1 Conventional View

In the first part of this chapter we shall develope the theory
of the conics from the conventional viewpoint with slight changes
here and there in the mode and order of presentation with the hope
of accelerating the studentjs rate of sbsorbting the material and
of making it an enjoyable go for the student.

We present this conventional view of analytics, and we hope to
do a masterful job of it, because we want the student to compare
the old analytics at its best with the New Science of Mutation
Geometry. We shall come back over the same material, locked at
from the Mutation Viewpoint.

The Ellipse

The ellipse is defined as the locus of a point the sum of whose
distances from two fixed points is a postive constant, The fixed
points are called the foci of the ellipsze. See Fig., 4 - 1.

:

Fig. L - 1

Let 2 ¢ be the distance between the two fixed points and 2 a
the constant sum, Let the origin be the mid-point of the Tim €
joining the two fixed points and the x axis lie along this line.
hen the coordinates of the two/focii are ( = ¢, 0 ) and { ¢, 0 ).

T EE
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The following equations may then be written:

(1% r 4+ R = 2a
- r = {(({x+c¢ il + Fl }yt
(23 H=((x-cim+ Fﬂ']%'

Pat ( 2 ) and { 3 ) into ( 1 ) and remove the radicals by squaring
twice,and one gets:

(&) ﬁhf a + ytf b o= 1
( 5) where g_ = QL o

Equation { 4 ), the equation of the elipse, shows what Fig. k-1
shows; namely, the elipse is symmmtric with respect to both
the x and y axes. It alsoc shows that the limits of the curve in
the x direction are a and - a. Those in the y direction being b
and - b. Equation { L ) shows that a and b are the semi-major and
minor axes of the elipse. When the foci are at the points ? @,c )
and { O.- ¢} the equation of the conic becomes:

= 2
(6) x/b t y/a = 1
4 = 2 Eccentricity

The quantity ¢ / a is called the e@centricity of the elipse.
it is generally designated by the letter e.

FExample 1.

Find the semi-major and minor axes and the eccentricity of the
following elipse

/9 + v/b = 1

Here we find a = 3, b = 2 and e = ¢ /a = f;"f .
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Exercises

In the following elipses find the semi-axes,major and minor,
and the eccentricity.

1 X/h % ¥/9 = 1

2 x’f 1 & Yif e =

3 3x 4 2v = 6

oL x 4 1yrz 36

5 1% ¢ 1y%=z g9

6 Find the equation of the locus of a point the sum of whose

distances from ( £ 3, 0 ) 4is 12,

7 Find the equation of the locus of a point the sum of whose
distances from ( 0, £ 3 ) is 12,

Ferfolatum

( latus rectum )

The perfolatum of any conic is the length of the chord thru
the focus perpendicular to the major axis.

The old word for it was the one in the parenthesis above, a
slightly mal-euphonic one. I think the namers were trying to be
funny. The new word perfolatum is coined from three latin words
meaning thru-the focus-width. It is descriptive and even euphonic.
The new word perfolatum maintains the dignity of the English lan-
guage and will be used hereafter,

If in the standard equation of the effipse 3" x* E?y1‘=
one substitutes c¢ for x and solves for y one shnulg obtain the
half value of the perfolatum, Tt is

i3 B.l& =T ks

The seminﬁerfolatnm will thus be denoted bE k. This is for all conics
There will ocecasion no confusion in using k for the semi-perfolatum
and k for one of the coordinates of the center of a circle and k for
other purposes. If cne gets confused over that he has started to
study analytics too early.
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b = 3 Standard Forms

The eguation of a circle,when its center is at the point ( h, K ),
iz written:

- - a.
(1) (x-h} $ {y-%k) & r.

In the same Wa¥ the equation of an eﬂﬁﬁea,when its center iz at
the peint ( h, k ), is written:

(2) (% m B S R LW ) FEE o

This last eguation will be caﬁed the standard form when the origin
is not at the center of the ellipse. See Fig. 4 - 2.

v hy k]

Figc -’+ L 2

If the major axis is in the direction of the y axis the standard
equation will be written:

1
£33 {x-h]fﬁ'f{y—k]‘:‘/aﬁ‘: -

These two equations, with their major axes along the x and y dir-
ections, sre the standard forme of the equations of an eliipse.
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It is obvious that every equation of the form:
8 =
( 4 ) Ax$Cy¢Dx4EY+F = O
can, by the completion of squares, be put inbo the form:
. 2
(g3 (x+D/aad )/lo/a) ¢ (y+8/2)/{G/) = 1

where the aquantity G is given by the expression!

{6 ) G = -=F+D/BA4E/LC,

In the statement above the signs of A4 and C must be alike. They
may both be made postive., Equation ( 5 ) has the same form as
that of equation { 2 ) or ('3 ) and is thus an e¥ipse.

Example 1,

Put the following equation'ofcan elipse in standard form and
find the coordinates of its center, its major and minor axes, its
eccentricity, and perfolatum. The equation is:

. T
9x+hy-5x=-16y 461l = ¢
This may be written in the form
(9x-54x+8l)+{Lby-167y+4+16) = 36,
S Ln
or (3x=-9) ¢ (2y=-4) = 36
"~ (R
or (x=3)/4 ¢ (y=2)Y/96 = 1.

From this last equation one sees that the center is given hy( 3, 2 ).
The majorand minor semi-axes area = 3, b = 2,, The eccentricity
is @€ =¢ /a =y5 /3 and the perfolatum 2k = 2b /a=8/3 .

From the last equation it is also observed that the ma jor axis lies
in the direction of the y axis,
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Exercises

& A line segment of length a moves so that its end points are
continually on the coordinatecaxes.Show that the locus of any
point on this line segment is an elipse., Note the particular
type of elipse when the point is the mld—pnintlof the se _nm-
The equation of the elipse is given by ™+ ny= (n/insl] ) a
where n is the ratio of the two segment into which the point
divides the fifne segment.

2 Find the center, semiaxes, eccentricity, and perfolatum of
the following elipses:

(a) xthy-2%x48y41 = 0
(b) X+ OV -L4x+36y43L = O
(¢) 25x416y=100x+9%6y~-15 = O

It should be pointed out that when one is given the local of
the two foci it is the same as being given its center, and when
the center and one semiaxés is known the other semiaxis can be
found and thus the conic is known. For instance, if the semi-
minor axis of an elipse i=s 3 and its locl are located at the
poinks { 6, 3 } and - 2, 3 ) then the center of the effipse is
located at Then ¢ = 6 = 2 = L and then a = 5.

The equat-inn of‘ the eﬂ'ipsa may then be written:

ke o
{x-21f5‘--1;f?"3}f3‘-= 1

3 Find the equation of an elffipse with semi-major axis 10 and
having its foeci at the points ( ~ 4, 4 ) and { 8, & ) .

The Hyperbola

A hyperbola is the locus of a point the difference of whose
distances from two fixed points is a constant., The twe fixed points
are the focl of the hyperbola. See Fig. L = 3 .
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let ¥ (~-¢c, 0 )and F ( ¢, O ) be the foci, 4 {- a, 0 ) and
A ( a, 0) be the vertices of the hyperbola. Let P ( x, y ] be
a point on the hyperboela, Designate PF by r and P F by R, Then
from the definition we may write the following equations.

L = 4 Equation of a Hyperbola

B R T o R, = 2a
(2 ) r:=[{x+c!'-{-r"lv"
(3 ) oa ( fmae Ga® )

Put ( 2 ) and ( 3 } into { 1 ) and remove the radicles by squar-
ing and one obtains:

.'l.-
(&) x/a = vI8 & 1
where b is given by the expression
LS
(5) b & (o =~ &l

We solve the linea r equation thru the origin
{ 6} y = mx '
with the hyperbolic eguation { 4 ) and we obtain:

-~ I
- ab /(b =~ ma ) e

£ T 4
From ( 7 ) one sees that the values of X are unlimited when

(8) m

& F e,
Put this value of m into ( 6 ) and we obtain the equation

(9) y & €b/a )%

Equation ( 9 ) is the equation of the asymptotes to the hyperbola.
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i - 5 Egquation of a Hyperbola
Center not at the Origin.

In analogy with the equations for the elipse The egquation of a
hyperbola, with center at { h, k ) and line of foci parallel to
the x axis, may be written:

o3 {x=h ilf g = Gy wik }mf B =

If the line of foci is parallel to the y axis it is written
{ 2) (x~-h iL/ 5 (v - k.ilf a = 1.

It is obvious that every equation of the form:

(3) AX s OFEDEAEF AP 5 6

may, by the completion of squares, be made to take the form of
either ( 1) Or { 2 ) above, where both A and C are postive. We
illustrate with an example.

Example 1.
Simplify the following hyperbolic equation:
s -

9x=-Ly=-5:x416y$29 = 0.

This may be written in the form:
1. -
9(x=-6x39)=-blyvy-4byth) = 36.
1 L B

or (x=-3)/4 - (y¥y=-2)/9 = 1

The last equation is that of a hyperbola with its center at( 3, 2 ),
and line of foei parallel to the y axis. It mi-axes are a = 3,
and b = 2, Its quentrinitr ise=c¢c/ a ﬁlB / 3 and its perfo—
lJatum is 2k w 2b /a = 8 /3.
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Exercises

In the following hyperbolic equations find the center, the
semi-axes, the eccentricity, and the semi-perfolatum.

1 2x-1v$bx42y-1 = 0O
* >

2 2x -3y -L4x$l8y =31 = O
L o

3 lx=-1ly+bx=2yv+1 = 0

4L = 6 The Parabola

A parabola is the locus of a point whose distances from a fixed
point and a fixed line are equal., See Fig, 4 ~ 4 . The fixed point
is called the focus and the fixed line the directrix.

Pl et ]

Figlh'h—-

We shaell first consider the case where the wvertex of the abola
is at the origin. Let the distance from the focus F to the directrix
be denoted by 2 a. Then OF is equal to a, Consider a point P(x,y)
on the parabola., The distance from F to the ﬁirectrix is a Xe
The distance from P to F is ( ( x = a )*¢ y¥%)'® These two quantities
are to be sgqual. Thus we can write:

V(= - a.jmi'?t = a4x.

This reduces to

{ 1) Y"= Lo X
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If in equation { 1 ) we substitute { y -k ) for vy and ( x = h }
for x we obtain the equation:

(2 (% - BT & WE LE~F )

which is the equation of a parabola with its vettex at ( h, k )
and having its axis parallel to the x axis.
In a similar way we may write the equation:

(3) % =B & Akl Fag )

which is the equation of a parasbola with its vertex at ( h, k )
and having 1t3 axis allel to the y axis.

Equations ( ?ar , and { 3 ) will open in the postive or
negative as a 15 pnativa or negative. See Fig. L = 5 .

pei®

walda ¥
dintitven

o o

It should be obvious that every equation of the form:

i
(&) Yy 1+ Dx ¢ Ey ¢+ F =2 0

can be put into the form of [ 2 )} above and that equations of the
form:

(5) x § Dx By ¢ F = 0

can be put into the form of equation ( 3 ) . They thus represent
parabolas.



123

Example 1.

From the following parabolic eguation find the vertex, the focus,
and the semi=-perfolatum:

2
y-lax-Ly440 = 0
This may be written in the form:

1
(y=2) =2 12({x=3) = £(3){x=3),
3, %
Comparing the last equation with { 2 ) we see that ( h, k } = ( &,=3-)
we also see that a = 3. The focus is then given by ( 573 ).

Ly 2
If in ( 1 ) we set x equal to a we obtain : ?

s K x zoawRL3) & &
In this case we have the semi-perfolatum equal to 6.

It should be observed that the essentials of a parsbola are:
the local of the vertex and focus, and the length of the perfo-
latum. The sigm of a tells the direction of the open end of the
parabola. These values for a parabola can be read from the eq~
nations when they are in the formof { 2 D or { 3 ).

I Exercizes

In the following exercises find the local of the vertex and
focus, and the length of the semi-perfolatum.

 ®
1 y-3x-275%7
2 x - hx - 2y -4

All the con#ics thus far treated have had their axes parallel to
the coordinate axes. This is not always the case. We shall want %o
deal with them when their axes are initially tilted to the coordi-
nate axes. One cannot change the shape or properties of a conic by
the manner in which it is placed on the coordinate axes.



124

L = 7 Frame Change
Shift of viewpoint

Suppose, initially, that our conie is tilted to the coordinate
aXes. See Fig., 4 = 6 . It is obvious from the figure that we may
twist ( rotate ) ocur axes around about the origin O until the new
x axis ( indicated by dashes )} becomes parallel to the axis of the
conlc, If we now view the conic from the new,dashed, axes the fig.
will look flike Fige. & - 2 and the equation corresponding to this
fig. had no x y term in it. If the equation, whatever it was, cor-
responding to our present conic had an x y term in it and it had ne
x y term after the twist on would come to the conclusion that the
twist eliminated the term containing the x y. This is a correct
conclusion and we shall show how to find tﬁe new equation, reffer’éd
to the dashed axes, of the conic from the original eguation.

- \ Fig. 4 = 6 .
\
\

The most general ecuation of the second degree may be written

{ 1.} Ax"+Bxy«1-t:y°'+ﬂx+Ey+F:ﬂ.

We shall suppose that ( 1 )} represents the conic referred to the
original axes. We may write
8 1

i 5 i I i 1
(2 ) AX+Bxv4CY DX 4By 4F = O

for the equation of the same conic referred to the dashed axes.
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let P ( x, v ), see Fig. 4 - 7, be a point on a conie, not
shown in the ¥ig, referred to the original axes and P [ x| v')
the same point on the same conic reffered to dashed axes tilted
at an angle § to the original axes.

1]
\ ¥ i Pix, v ¥ = F[xs, :.rl;
\
\
\ 0 .
35-_ -
\ e — Gl
\ G —=n"
\ 2 O
_Q"*.L# . /\ i H .
]\\' Fign J!l- = ?i

" [
Draw P M perpendicular te Ox and P N perpendicular to 0 x . Draw
N H perpendicular to O x and N G perpendicular to P M, From the Fig.
we sse that

5 ON = =2, PN T ¥
PM 2 PG 4+ GM = ¥

GM = 0 = HE = 0H = B&G = x
OH = 0OMNcos@ = xIcDSB

MG = PN sinf = y sind

(
(3 ) x = xcos® - vsinh
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{
PIcos® = 7cosP

o
]
1

. I
GN = WH = QK sin@ = x sin §

{ & } v % sind + ylcuae

Put the values of x and y from equations { 3 ) and { 4 )} into ( 1 ),
collecting terms and comparing the coefficients of the resulting
zquation with the coefficients of egquation ( 2 |} we obtain the res-
ulting gset of eocuations:

i

. :
{ 5) L = Acos@ 4+ E singcosd C sin™@
1
{6 ) B = Beos 284 (C=-4) =in 2§
a
{71 13‘ = Asing - B sin@§ cosg + Gcos""g .

Eguation ( 2 ) was to have no x v term and fgr this to be true
we see from equation { € ) that we must have B = 0 or what is
the same thing:

( 8 ) tan 2@z B /(A -C) .

All aquentities on the right of { 8 )| are known and it tells us thru
what angle we must rotate our original axes in order that our new
eouation ! 2 ) will have no x 7 term, Twist is a more descriptive
word than rotate, When B! is gzero equation [ 2 ) becomes:

| = 1 ?- Lo | S i
{2} Ax'4Cy'4DxtEg 4 F=o0.,

1t was shown previously that equations of the type of { 9@ ) rep-
resent an elipse or hyperbola according gas L' and C'have like or
unlike signs. If, in addition, either A or C'is zero then ( 9 )
represents a parsbola,

L - & Conic Types
From Invariance
By adding equations ( 5 ) and ( 7 } one obtains :

b i
ik G| A 3§ C = A 3 C
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Tf from epuatlons { 5 ), { 6 ), and { 7 ) we form the expression
PY= k A'C"in terms of the right hand members we obtain the result:

| 5 ] a
Ba bl = (B =-hiE){oing s -cobh)
or
| ' | a
[z Bla L A€ = B~4AD,

r
Since B is to be zmero this last enuztion hecomes:
]
kg 3§ -5EAC - BE-L4LAG .

When A and G have 1like signs, the condition for an ellipse, the
right side of ( 3 ) is negative and this reguires that

-
{ 4 ) Bl 004 { ellipse ) .

’ /
When either A or C is zero, the condition for a parabola, the
right hsnd side of { 3 ) is zero and this reguires that

*
( 5 ) Bw Lodils g { parsbola ).

[}
When ﬁ and © have unliks signs, the condition for az hypsrbela,
the right hand side of { 3 ) is postive and this requires that

L
{ 6} B o4 AC [ hyperbela ) .

Notice that the linear term coefficients of an equation repres-
enting a conic never occur in the expressions representing the conic
types. Cne ought to be able to tell the type of a conic by just look-
ing at its eqguation. We look at an equation :

Ex:'li]‘lp 15 s B
Find the type of the following equation:

2
2x ~Lbxy 45y -12n-6y-=-42 = 0.
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2
Here B = &F = 16 and L AC = L{2}{5) = LO . Here 16 is
lass than 40 and so the relation

"
B&L L AC

is satisfied and the equation represents an ellipse. In like manner
the other conic types are determined.

The expressions on each side of equations { 1 } and ( 2 ] are
called invariants. They are invatiant to a rotation of axes. These
expressions are the same when the equation is referred to the old
axes and when it is referred to the new axes after the rotation.
There is another invariant called the diseriminant which has to do
with the degeneracy of a conle. We shall have no use for it at this
time and will not diseuss it here. The new science of kutation
Geometry gives a new and compact expression for it compared with
what one usually finds in conventional geometry books.

The first thing to do in simplifying the conic equation
. -
kT3 Ax4BExy4Cy+Dx4Ey+F = 0

is to determine its type or species by one of the forms given above.
The second thing to do is to find F' in the equation:

B ﬁgfﬁx'f{-c;;-rﬁ": g

whare

(9) nzp-LAC, h=(2CD~BE)/Mm
k= (2AE-BD )/n

I L 5 s
AR4+Bhk+Ck+Dh+EKk4F,

e
1

! ‘
The third step in simplifying a conic equation is to find A and C
in the eguation:

T S ;
{ 10 ) A x"$ C ;ﬂ} L ¢

These are determined from equations { 1 } and { 3 ] to be
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. LS
5={Bt{ﬂ—ﬂﬁ
{ 11 ) ﬁ::{A-}E-fS};’E, C;-=(A+C-S}/2.

Fguation { 10 )} is the simplified form for a conic equation rep-
resenting a circ%ﬁ, ellipse,,or hyperbola., It should be pointed
out that,when = ), A C, the condition for a parabola, eguaticn
fornin { @ ) is zero and so one cannot solve for the h and k
since the denominators in their expressions is gzero, In { 11 ) it
is important to know what sign to give to S, We shall soon look
at this question. In the meantime one may calculate the # and cf
from { 5 ) and { 7 ) of the previous section with the help of eq.
( & ) of that section. For convenience of computation we re-write
equations { 5 ) and { 7 ) of the last section in the form:

{ 12 } A {A&E*[ﬁ-i’i}cns?#{-Bsinzﬂizjz

( 132 ) g [A-}-D-I{A—G]lcoszﬁ-Esinﬁﬂlf?.

I i
“fa add below the eguations for U, E, snd F, due to 2 rotation of
axes, for use when the equation under consideration is a parabola.

[ 14 } D =D cosH 4+ = sinf
i

{ 15 ) % =D sin® + E cosf
i

{ 16 ) Faep,

I t (€] ! !
Note that D and E have single ancle function#af f while & and C
have double angle functions of » from eguatiom¥of the last section
we form a right triangle whose base iz ( 4 - C ), altitude 2, and
hypotenuse S. From this triangle we may write:

( 17 } tan 28 = B/ (A =-C )
[ 18] sin 2§ = B / 3, eos 2@ = (A=0 )/ 8

Put the two ecuations in { 18 ) inte ( 12 ) and { 13 |} and we get
the two ecuations in { 11 ) which do not yet tell us the sign of 3.
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uﬂuatlDﬂE ( 12 ) and ( 13 ) will always give the correct values
for A' and Clwhen properl? used. de do an illustrative gxample. Simp-
lify the following conic:

Example 2,
a. %
2Xx-hbxy+5y7y-~-12x-6y+42=2 0O

e have previously determined this conic to be an ellipse. From { 9 )
one geta:

h = 6, k = 3, F = =3
From { & | of the last section one ocbtalns

ten 28.= 1./3, sin280= L4/5.  cos 28= 3/5 .
Put these last values into { 12 ) and ( 13 ) and one obtains

/ /

& = T E = B
Cur simplified eguation then becomes:

Es a
Ix 6y = 3.

I
If we had utilized equation { 11 ) to compute the values of A
and C' one might obtain

a,
bxty = 3

which is incorrect, This is the values when 3 is postive. The
correct answer is obtained when S iz a negative 5. We shall de-
fer an expla nation of this until we do this section from the
Mutation Viewpoint. For the present we simply use equations {( 12 }
and ( 13 )} as we did above to arrive at the correct answer,

Having derived the correct equation one may now find the var-
ious elements of interest. We may write the conic in the usual form:

foB # v/ (/2 = 1

from which we see thal the semi-major and minor axes are:
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a =YV3

b:\/;ffé:f’z';z

e = FFE;E*

e = c¢fa = V:;E;

K = g‘f a z=¥3/6
[ 3k ) 5 (6 3

This table of values gives about everything that one would want
to know about the conic. They are the essential things: the semi-
axes, the foczal distance from the center, the eccentricity, the per-
folatum, and the coordinates of its center. 3ee Fig. 4-8 for a
sketeh of the conie.

3]

f”fﬂ, - Pig. k - &

To assist the student in grasping a feel for this type of analy-
sis we shall do a second example,

Example 3
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Simplify the following conic sgquation:
p B
X+ Lxy ¢ fl- 2x-10y-1L = 0

From equation { 9 } we find :
{
h:j, k:“llj F:-g.

From equations { 17 } and ( 18 ) one finds:

tan 28 = 4L /0 =<
sin 29 = 1
cos 28 = 0 .

Put these last two values into equations ( 12 ) and { 13 ) and one
obtains:

/ T

AL =3, £ = -1

Our simplified equation then becomes:

This is a hypverbola with the following essential values:

a = f_, B =z 3, ¢ = 2]’3 y e = 2,

{h,k}:{j,-l},
K = blacsalBi=s 33

See Fig. L, = @ for the local of the hyperbola, It should be ob-
served that one can simplify the conic, both hyperbolas and ellip-
ses, by using only functions of the double angles of rotation. This
simplifies the work considerably. In case of a parabola, from the
conventional wviewpoint, one apparently has to make use of the sin=-
gle angles of rotation and this, at times,can; complicate the work
or make the resulting equations slightly or perhaps one
would say ugly. Iay be there are no uglyfmathematical equations.
1t may be that we just do not know how to/write them beautifully.
pwisw a7 d



To round out £his conventional view of the conies we shall
8t

look =t a parsbola which is tilted te its axis of reference.

Txemple b,

Mnd the simplified equation of the conic ~iven by tihe ec.

. 9
lax -2h 2y 4+ 8 v-L0x-220v 4700 = 0o,

From this eouztion we ohtain:

ten 29 = -2/ 016 -9) = =26/7

cos 8

I

3/5, sin@® = L/5.

133
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Uging the functions in these last two ecuations we mey caleculate

A, ¢, D, B, and P from equatdona ( 12 ), { 13}, { 2% 3, { 15 ),
and { 15 ). They are: ’

L= 0

¢’ = 25

ﬂ = =200

5 = =100

Foz 700 .

The new transformed equation then becomes:
0= ! I
25 y1= 200 x - 100 y 4 700 = O,
After division by 25 it mey be written in the standard form:
“

(v -2) = g{x-3) = sfz) tx=3],

If we compare this with the standard ecuation of a parabola

i L i
¥kl 5oL adEm s k)
T
we seg that its vertex is at the point ( 3, 2 } and that its dir-
ect@/distance a is 2. 1Its perfolatum is 2 a = k , 'hese

values are with respect to the rotated axes. It would be & considere
able amount of work to compute,say the h and k, wvalues with respect

to the original axes. Tt is more instructive, and revealing, to coni-
pute initially all values with respect to the original axes, Futation
Geometry does just that, and without any rotation of =xes. ile shall
yet see. This parabels opens alony the postive x axis. See Fig. 4 - 10
Tor a view of the parabola.




Bxercizes

Determine the =vecies of ths followinz conics then reduce each
to a standard form,

% b 8
2x 4 h v 4Ly 42x4h TS5

b a B
3x+8xy-ly-2x~5y4+4i =
1

L=
lx42xyv+1ly-1x4+1ly—5

o
3
2x+Ixy4lytlaxely-~sb
lx=2x7 ¢1
o >
lx+lxy42y-1x+2y -1

r‘
it

»

! y‘} 1x+1ly -4

=] O oW B oW my
1
e T o S e T o S i S

x.¥
L -« 9 Pplar {oordinztes

In rectansular coordinates & point P may be located by P { %, v }.
this same point may be reoresented by P { r,® ). See Fig., 4 - 11 ,

1y

{r, 8 )

Figs 4 = 11

Fere r is the radius vector to the point and B8 is the ansle which
the radius vector makes with the postive x axis. In this case one
may write:

£ X ] r = oxity]
{ 2 ) X = r.i = rcosb
53 ¥ & r.j = roaoing
i"l-i:l P:xh.'l. ':Irm

Ly |
(€2
T

tan 4/X .
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L = 10, Polar Zrcuatieon of & Straipght Line .
The rectenzular equation of a straisht line may be written:
S YAx 4By -0 =
ol

This may be written in the normal form:

[ 2 7 xcos 85 $ysin8 = p
; LS o
wheare cos 3 = A/JYA+E
. L.
gin 8 = B /YA 338,
L™
p = € /&y BT,

feplacing the x and y in ( 2 ) by r cosf and r sin@ respechively
one obtains the souation:

(3} r( cos ScosB® ¢3in3 sind )} = o
This may be written in the form:
{ & ) recos (3-0) = p.

Sgquation { 4 } is the equation of a straizht line in polar form,
See Fig, 4 = 12 for a diagram which could have been used to de-
velope the equation., However, we thought it instructive to show
how to go from the ecuation in one set of ccordinates to the eg-
uation in another set of coordinstes.

Figi II- L 121
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L = 11 Polar Squation of a Circle

If the center of the circle with radius a is at the origin then
obviously its equation is, See Fig L = 13.

ik 3 - a

or

{ 2} r, a
\j_ﬁ-ﬂ_

If its center i= on the x axis at a distance a from the origin,
see Fig. 4 = 14, then its equation is:

{fg%%%ifi%ééjiiii} |

Fig- L = 14,

e O r s 2ac08Q »

If ite center is on the y axis st a distance a from the origin then
its eguation is

{ &) * =2 2409189,
If its center is at the end of vector U then its equation is

(5) Evem Tl = &
ar

( 6 ) E!‘-U]‘:;.
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L - 12. Polar Equation of a Conie

We shall take the origin at the foeus. 3See Fig. 4 - 15.

Fig- IiI- - 15

.-”’/

Let the line of the focl coincide with the x axis. Let the directrix
be denoted by AN which is perpendicular to the x axis. Let Ok denocte
the semi-perfolatum K, Draw MY perpendicular to the directrix. Let P
be a2 point on the conic and let CP be represented by the vector r.
Draw PG perpendicular to the directrix. Draw PH perpendicular to the
x axis. We may now write the following eguation:

f 1) OH 4+ PG = MN
OH = rcos©
PG = r /e
BNz K/ e,

Putting these last three equations into equatien [ 1 )} we obtain
(: 2. rcos@ + r/e = K/e.

Solving this for r we cbtain the polar equation of a conic:
(3) r 2 K/ (14ecos ).

Here e is the eccentricity.



