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CHAPTER FIVE

lutation Geometry
Tiew of the Conics

5 = 1. Sealar Sense=tization

Crdinary vectors, like force, velocity, etc, have a maznitude
and a direction. Scalars have a magnitude only. If we associate
a scalar with a particula r direction we shall say that we have
sense-tized the scalar. The eccentricity of a conic is a scalar
gquantity. It is convémient for us to sense-tize it with thse dir-
ection of the major axis of the conic under consideration., It will
then have components and we may write it:

[ 1) e = e1¢e7j.
2.
[ 27 e = € + e

We shall now find the Kupation Geometry equation of a2 conic with
the orlgin at one focus. See Fig., 5 -~ 1.

Fige 5 w: ki

Let F be the focus and F M be the directral distance which we shall
designate by d. Let P be a point on the conic. Denote the distance
F P by R. Let P N be the perpendicular distance from P to the dir-
ectal line M N , Designate P N by H. Let the eccentricity have the
direction from ¥ to F, By definition the eccentricity is ziven by
the expression:
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Putting this last expression for H into { 3 ) and clearing of
fractions one obtains the equation:

i &) RuzehdeH'e:K"rR'E*

Here K is the semi-perfolatum. Equation ( & ) is the Mutation
equation of a conic with its focus at the origin and the eccen-
tricity sense-tized along the major axis, We now make the foll-
owing transformation: ( see Fig, 5 - 2 )

s}
¥
K
L -
/,/" R
3
0 x
I FlgaS-E
[ 5] R = r « §

Here 5 is the vector from the new origin to the focus of the conic.
U is the vector from the new origin to the center of the conic and
r is the vector from the new origin to any point P on the conic. If
we eliminate the R from ( 4 ) and { 5 ) we obtain:

9
{ 6 ) r={e.r) = 2(S 4} (K-e.5)e) .r

-’r{K-e.S}ﬂ--Si.
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5 = 2. Primal State Equation

We shall call equation ( 6 ) in the last section the Primal
State Eguation. We now write down the general equation of a conic:

o ﬁ.xg"{-Exy-}cyu": Dxt+Ey+F,

-1
We multiply both sides of equation { 1 ) by 2 P and obtain:

2 o
8 d axtbxytey = dxteytf

-1 o | ) -l -1 w1 1-'
(3) adzpB=clC=sdD=aE=fF= 2P,

P is called the Primal State Number of the conic,.

We may write ( 2 ) in the form:

~ %W
(&) axt+bxyt+ecy = h.rtf
(.53 h = 4d1¢ej.
yig®

Here the ¢ in { 2 ) and ( 5 } shoulﬁfbe confused with the eccentri-
city. In the Primal State Equation { 6 ) of the previous section re-
place r and the eccentricity e respectively by:

¢ 6 ) r xid vy j

(% ] e

eli t 8.

obtaining the eguation:

* - . a
(8} (l-g)lx-2goxyd(l-g)y =

{8yl mssaglalortinee. glhag

We shall identify ( 4 } with ( 8 ) exaetly. Comparing coeffici-
ents we geti:
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{ g) 1-e = 8

( 10 ) 1 - e: = e

{11 ) -2ege3= b

{ 32 2(84(K=e.+.8)e)} = h
{ 13) (K-e.8) - 8 = £.

Eliminating e and e, from squations (), { 10 ), and { 11 } we get:
- B
( 14 ) il Ywmm P { et 1 B B
Replacing the a, b, and ¢ in equation { 14 ) by their values in { 3 )
wea cbtain:
1

=i i
(15 ) L (1-24B80(1=-2¢%) = , 875,

Solving the quadratic in ( 15 ) for P we obtain:

( 16 ) P 2 4 ¢+ C ¢ G
( 17 ) v T & + C = G
( 1& ) GO:}/-E_!-]_- S
(19 ) G = (A-~-C)i¢tB 5

~ Thus we have two Primal State Numbers for our conic whose equation
isg:

=1

N -
{ 20 ) Ax4Bxy+Cy = DxtEy+F.
Cur Primal State Equation

{ 2% ) E;ibxﬁftcy’“: dxteys+f
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is now known since the P walues in eqguations ( 16 ) and { 17 ) are
Lnown,

5 = 3. EHecentricity

Adding equations { 9 ) and { 10 ) of the last section we obtain

{ 1) e> = 2 wog = O,

-1
If in equation ( 1 ) we replace the a and ¢ by 2 A P and 2 C ﬁ* re-
spectively and then reglace the P in these expressions by the value
of P from equation { 16 ) Of the previous section we obtain the beau-
tiful expression:

[ & ] e = z,z'{l-\-{AJ,c:]l!'/ﬁ:-\-{n-c}lJ

for the eccentricity of a conic in terms of the coefficients of its
original eguation.

Zouation { 1 } is a historical axpression for the eccentricity of
a conic. It is expressed in terms of the coefficients of the Primal
Stete Bouation of the conic. Tzke note of how much simpler ecuation
one is compared with eguation two. One has only to compute the Crimal
State Mumber P to know the Primal State Tauation. The Primal 3tate
Yumbars are just as or perhaps more important than the eccentricity,
In truth,it is easy to show that:

L
£ 3] e =1 - p/P = P
Toustion { 3 ) is ancther historical expression. In fact, everything
that has to do with the Primal 3tste Zguation is new to the mind pf man.
“here had to be a change. It is said that necessity is the mother
of invention. In any case the old conventional analytics is too far
behind the times. It no longer appeals to the minds and imsszination

of the student bodies of this land. %o continue to rehash the old out-
moded anzlytics to our student bodies is to insult their intelligence.

Txample 1.

drite the Primal 5tate guation and £ind the seccentricity of the
conic whose egustion ds:

% r
X =hbxwy Sy o 12x$by - b2,



From our ~iven soustion we obtsin:

- - S ~
G = (=4) ¢ 12-5) £ 16 4 9 = 25
f}a:_ﬁ

?:PL"I""‘-"{'qﬂ.zz‘t‘Sﬂf':E

[=]
[
Fs ]
.
LWy |

Cur primal state number is then to be divided into 2 in order to ob-
tzin the proper factor for derivine the Primal State Iouatio.

2/1} r 2SR B 3.4,
Pultiplying our ~iven equation by 1 / 6 we obtain:

:lflfﬁji;:xﬂu—g;-}{}'*ﬁy:'}:
{lfﬁ']fl?.}:{-&y_gpg}
or

3= 183 zpd (546 ) yumagepey,

This last equation is the Primal State equation of our given equation.
The eccentricity is siven by:

%
2

2-a-¢c = 2-1/3 -5/6 = 5/6

i =
¥5/6 .

]
1]

Tquation ( 1 ) for the eccentricity of a conic is unigue with
the New Science of Futation Geometry.

We shall now look at some of the other parameters of interest
in ths conic. Tt should be pointed out that the Frimal State Fo=-
uation contains the three essentisl parameters: the eccentricity,
which we have just calculated; the focal vector S, and the per=-
folatum K, We shall presently show how to calculate these in terms
of the coefficients of the Primal State Zquation.
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Eefore this is done we should like to point out that the eccen-
tricity is beautifully given by equation ( 3 ) in terms of the
Primal 3tate Humberg of the conic. Using equation { 3 ) we obtain

e L&pfP = 1 «2/12 = 1-1/86 & 5)6.

It should also be pointed out that eguation { 2 ), when cleared
of fractions, takes the form:

(&) ¢ = piggfB= P
Using this to calculate the eccentricity we obtain the same value:
ph= 2( 85 ) /¥ = & [f6.

I am sure that one is at a loss to choose between the four ex-
pressions for the eccentricity., They are all products of the New
Science of lutation Ceometry. In them one finds a new sense of dir-
ection in geometry. It 1s only the begin., Having found the Primal
State Bquation we may solve equations { @ ) and { 10 ) of & 5 - 2

for e, and e, obtaining:
{51 e, = Y1 ~a
{ &6} e, = Y1 -c.

From these two eguations we obtain the sense-tized vector eccentricity:

i e T ig+ e, 1¥l-2a 4 jfl-c .

For the particular example under consideration we have:

g = fzufui}; - /}rgr‘
By = ﬁfzﬂ:‘;;% = 1/Y6
B 2 {Ei-fj}f\i’g_-
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If we sgquare the last equation we obtain:
&= 1 %+41376 2516

which, in a way, confirms the other expressions for the eccentricity.
From equation ( 7 ) for the left normal we write:

6§ = =1Y1-c¢c ¢ 3Y1-a

For the corresponding unit eccentricities we may write from equa-
tions { 7 ) and [ 8 ) :

(9) e z(i¥l-a ¢ jYl-c)/e
{ 10) ¥ 2 (~4Yiee t §YL~a1 /78,

It is obvious that equation { 7 ) is slightly more powerful than
the other expressions for the eccentricity in that it gives us the
senge or direction of the line of foci which is the direction of the
major axis. This is important.

For the example under consideration we obtain from equations ( & },
{ ), and { 10 ) the following values:

(2)

at
e

(-i423) /Y6
e = (21+3)/Y5
| 4§ BE LIS

11

o=

E = L, PFocal Vector

We are now in a position to calculate the focal vector 8 which
is the vector from the origin to the focus of the conic. One should
expect two vectors. See Fig., 5 - 2 . If we multiply =squation { 12 )
# 5 -2Dby & we obtain:

{1} Bl oow . ole,
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Zquation { 12 } # 5 = 2 may be written in the form:
2 q,
{2) {K-e.8) = (h2z2=-5)

Eguation ( 13 ) # 5 - 2 may be written in the form:

(3) e(Kwe.,s }L = & él+ - L

Comparing the last two equations we obtain:

(&) (wz2-s81 =z &(s4e). y
L

¥
After expansion and simplifying the last equation may be put into
the following form:

B

(5) (85-n/201-8))gz qfiast(1-6/201-4é)
Solving ( 1 ) and ( 5 ) sccording to ( 7 ) # 3 = 10 we obtain:
[ 6} g =2 U 4 c¢

Where U is given by the expression

{7) B 2 ({heheBe ) A 8.
¢ is given by the expression
% o &
(8) c::eﬂﬁf{l-e’f}{-h-ih.e}fﬂil—e"]..

It required a slight bit of vision to realize that the expression
on the right in ( 7 should be called U, the vector to the center
of the conic and likewisge that the expression on the right in ( 8 )
should be called ¢, the distance from the center of the conic to the
focl but so they are as designated. One can arrive at the notion
in several ways: the best by logic.
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1f one divides both sides of equetion |

g ) by aﬂth@ result is:

& & a = e/ | 2 'Vi_} £ 4w + ﬁd~ {h.%)} fg (1 -

Here a is the semi-major axis. One will not confuse the a and ¢
here with the a and ¢ coefficients in the Primal State Equation.

For an ellipse we may now write:

e L.
a

2
= - C

where b is the semi-minor axis, and if one so desires he mar write

the eonic eougtion in its Primitive Torm:
- L -9 e
x/at+v /b = 1.

This, mind, is without a rotation of axes,
one may write:

- a
"
b 2 ¢ - a

end then the Primitive Zguation:

Notice that when the conic is a parabola { e = 1 ] 2ll three of
e shell deal with the

the guantities a, b, and ¢ are infinite.
parabola separatzly.
“hen the £, h, and e in eauation ( ¢ )

If it is a hyperbola

are reonlaced by thelr

copitals one may factor out ths followine signifant resuits:

[ 10 ) amz T/

5
b

i A = fJd'P

1.8

K

-
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whare

12 ) P =2 & ¢+ € ¢ G
el P 2 8 $ & = B
) & o (E=0)% # Bj

=t
Ly
e+
1
1
3
F
-+
T

L
[ 5 n z B = 4LAC
- "
E Lo ) T =2 2(F+{(BDE-LEZ2~-CD})/n).

T is called the Fransmute Humber of the conic. If we replace the
gand b™in the primitive state ecustions of a conic by their values
n equations [ 10 ) and ( 11 ) 31l central conics may now be written
n the new Canchical form:

{ 12 ] Px"‘&_—_ pj,rg"':"f

The P will b2 reco~nizad as the Primel State Mumbers of the conic.

If the h and e in ecuation ( 7 ), #ivinz the vecter U to the cen-
ter of the coniec, are revlzced by their caps one obtains the follow-
ine coordlinates to the center of “he conie:

i
h i o |

)
t

b oxg Bz i B3 )

5

i B P s R
=
Uy 2 I BD «gA3) A4S AT ]

1\3
3

Lns

Ixamnle l.
Find the coordinates of the canter of the conio:

e
Ex-i»x}ff-ﬁf‘: 12 x% 6y =42,

i

3
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Here

O o W o
1]
1
=

1]
L

=

Futting these values into eguations ( 19 } and { 20 )} one obtains:

By & 5
U = 3

This may be written:
{Ut,u,_J:{a,B}.

These are the coerdinates of the center referred to its orisinal axes.
Putting the values of the coefficients above into equations { 12 ) to
([ 17 ) 6ne obtains:

-

p o= 12

G = =(34i443)
g = =5

T 2 He

From equation [ 1# |} one may now easily write the Primitive State
eouation, referred to an axis thru the center of the conic and co-
inciding with its major and minor axes. It is:

xi + 6 yl': 3

Tt should be pointed out here that in obtaining this Primitive 3tate
equation there was no rotation of axes as such.



From equations ( 10 } and ( 11 } or from the last equation one ob-

\/5 = 1.732

tains:

a1
11

o
]

From ( 6 ) and { 10

!
=

W
2

1]

= 0.707

V =Y /2 = 158

} of # 5 = 3 one has:

(21435)/¢5

[

-i+423) /Y5

Cne may now write for the coordinates of the near focus:

g =

i
{

The coordinates of the

Lo
=
11

The cocrdinates of the

" =

i

U
{

The coordinates of the

U
{

-ce=z (61433)-(2it i)/ 2
L.58 1 # 2.29 § ).

far focus is given by:

yoe= (6143304021432
7.1 1 4 3.71 3 ).

near vertex mew be written:

~aed= (61433)=Y3 (214345
LebhS5 i 4 2.23 3 ).

Tar vertex may be written:

+ & e = {6143 3) + fgif £ Lot ] JIVE:

151
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The Coordinates of the minor near vertex may be written:

G, = U - be :{61+3j’1-(-i+23}f55f
= {RA2 442373 ) s

The coordinates of the miner far vertex may be written :

U § b8 =(61+33)+(-12+23)410.
{5-6514:3&633}-

Gy

I

The coordinates of the four points at the ends of the perfolata thru
each focus may be written :

L, =z § =K g
L= §;+ K %
% ER F
¥, = S.+k &
E = ﬁLf 2 .

See Fig. 5 - 3 for a symbolic view of a graph of a conic . It does
not numerically reprresent the calculations above, It is only symbolic,

Figfs-B-
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5 = 5. Egquation of the Line Thru
the Foei, a Central Diameter
The egquation of the line thru the foci may be written :
£ 3} g .1 = §.9

where U is the wvector to the center of the conic. e is given by

il

- 2 1 % alj = =Yl-¢ i¢ VEA:h; J e

o
(-Ya-c-¢ i+ VY T-L-6 j)/Y?.

Cur equation ( 1 ) may then be written in the form :

L34 -YA-C-¢ xt+VC-A-6G, 7 =
“Vﬁ—G-Gﬂ Ulfifﬂ-ﬁ.—[}a Ug

{2) e

whers
(&) Uy 2 (BE=2CD )/ (BE=LAG)
(5) Uy= (BD-24E)/(B-544cC),

The equation of the minor diameter is the equation of the line thru
U perpendicular to the line whose equation is given above. Une may
solve these two lines with the equation of the given conic to obtain
the major and minor vertices of the conic. Thev should give the same
results as those obtained abeve. For the given conic equation:

- 2 X - b x v +5 yt = 12 x ¢+ 6y - 42

eqvation { 3 ) gives for the equation of the major axis the equation
{ 7)) - il — A

and the eguation of the minor axis is

{ 8) 2x ¢y = 15
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If one solves equations [ 6 )} and ( 7 } for their points of inter-
section one obtains:

3 1/1_5!5 = 3,77 and 2.23
2y = 7.5, and L.46

et
1

3]

which gives the points:

( 754y 3477 )
( L6, 2423 )

(x5 )

(x, %)

These answers are identical with those previously given above, In the
same way one may solve eguations ( 6 ) and { 8 ) and determine the
vertices of the conic where the minor axis intersects it, It is left
as an exercise for the student .

It should be pointed out that when B in the general coniec equation

-

o
Ax+Bxy+Cyv = Dx+ 5y +F

is postive the equation of the major axis is given by the expression.

K \/A—c-uax{-ﬁ-.q-e,y-_-
\iA-G-Gﬂ‘U, ‘i"{:'-ﬂ-G. UL*

ogince this major axis or central diameter equation is of considerable
importance we shall develope another equation which has no reference
to the center of the conic. These two egquations,when developed, will
determine the center of the comic since they each will pass thru the
center of the conic. One could,of course, determine the center of the
conie from either equation and the equation of the conic by taking
one half the sum of the coordinates of the points of intersection of
the diameter eguation with the equation of the conic.

Any diameter of a conic may be defined as a line which bisects a
spacified family of parallel chords. When this diameter is the per-
pendicular bisector of the family of parallel chords it is = central
diameter, containing the major or minor axis. See Fig. 5 = 4 for a
sketeh of the system of parallel chords and the corresponding diame-
ter. The one depicted is not necessarily z central diameter,
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We shall lock at it from the conventional viewpoint. Some will not
want to leave the old mede of thinking and even I write this down with
a sentimentel nostalgia, knowing full well that it is a lost cause.

I

Let i Fig' 5 — 'LI'-I

| = s
{ 1C ) j AX+Bxy+Cy = Dx+Evy+F
be the equation of the conic and
e i B ¥ = Mx ¢+ N

be the equation of one of a svstem of parallel chords. Bliminsting v
from equations ( 10 ) and ( 11 ) one obtains:

o b £‘+ Hx % L = 0.
{BN$2CMN-D-EN)/A4BMCKE)

= >
(CN-NEZF)/{ A+BM+CK),

H
I

Let the chord, eq. { 11 ), cut the conic, eq. { 10 ), in the points
(x, %) and (x,¥5), fhe x coordinate of the midpoint of the chord
is

(13 ) x = (x¢x)/2.
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Ey the theory of equations X 4+ X+« is equal to the negative of the co-
efficient of x in eguation ( 12 ). Thus from equations ( 12 } and (13)
cne has:

| ik} x3E, = RE 2 =,
Bliminate N from equations ( 11 } and { 14 ) and one obtains :

{ 15 ) F-gx+th
- (B $2A){By2CHK).
(D4 EE)(B$2CH]).

b |
]

3ince equations { 11 } and { 15 } are to be perpendicular we have:
(16 ) N s T

This expands to a quadratic in M whose roots are:

(17 ) ¥M = (C-4 & G) /B,

Squation { 15 }, with the values of ¥ given by equation ( 17 ), is
the eguation of the diameters contzining the major and minor axes.

As a test of the theory or rather a sort of confirmation we find
the central diameter esquations of the following conic:

(18 ) 2x~Lxy+5y = 12x46y - 42
Gﬂ =-5
M = =2
M = 1/2

For M equal to - 2 one obtains
T B
0.

g
h
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With M equal to 1 / 2 one obtains:

g ==2
e oom 18

With these two sets of values of g and h set into equation { 15 } one
obtains the two following central diameter equations of the conic:

v mix f 2
¥y ==2x ¢ 15

Thes? Ew? equations have already been derived . See equations ( 7 )
and .

The central diameter equations given by eguation ( 15 ) are im-
pertant for cone may solve them and the conic obtaining the major and
minor vertices of the conic thus localizing the conic in the original
coordinate system,

Before we deal with the parabola we shall do a number of illustrat-
ive examples pertaining to the ellipse and hyperbola. With the pro-
fusion of avenues of approach to a knowledge of the conics the student
might conceivably be somewhat baffled as to the optimum road to go.
The wuthor of this text book does not know which is the best. We shall
explore a few of them and then look back. Hind sights are often satis-
fying to some of us and we can then say " I told you so " , We begin
by finding the primitive state of a number of conics by using the G,
G, y P, p, and T numbers of the conic. The general conic may be re-
presented by:

{ 19 ) A £L+ BExy+C yL = Dx+Ey4+PF

For easy reference we write

{ 20 )} G = (A=C)i14+B3j
( 21 ) GD:\“'ELA-C}.L-!-B‘L
( 22) P 2 A+C+0G

i 23 1) P = AtC -G,

( 21 ) T LR PEY A=A T B0y P LA T N



We recall also that the primitive state equaticn is given by:
> a
(25 ) Px4+py = T
Example 1.
Fipd the primitive state equation for the conic whose equation is
. L
2x=-Lxy+5y = 12x+67y~42

In this case we have the following values for our patameters:

G = {(2=5}i=4kJ = -(3414+43).
Gp = = 5
P 2 245=585 = 2
= 2 ke s = 2
T = 5

Cur primitive state equation then becomes, after cancelling the com-
mon faetor 2, the simple sgquation:

x £ 6 y? = %

which is an elipse which may be determined in several ways: even by
logking at the p values.

Example 2.
Feduce the following equation to the primitive state equation

1111—21;x5r+1p}}: - 30 x - KO v 4 L5.

¥ = L =3 d
¢='25
= =10

=T 9w @

~ o, T = = 160.

158
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The primitive state equation, after cancelling a - 10 from it, becomes
> - Ly o= 16.
This eguation is an hyperbola. Its eccentricity is VEFE 2
Example 3.
Find the primitive state equation for the following conic equation

g x =12 x y + 17 yL 5 2R

G = =9i3i=12j
G, = = 15

Foa Jdi

P = 4O

T = &40

3-
JEQ-']'#F = 4
is the primitive state eguation., It is an ellipse with eccentricity
equal to¥{3 / 2 .
Example L.

Find the primitive state of the following conic equation:

3 £E+ 329 5 =13 ?1 s

G = 161 ¢ 12 j
Gy =2 20

P = 10

p: = < 30

o owm 2590

9 -
x=-3y=&s 27

is the primitive state equation. It is an hyperbola.
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Example 5
Find the primitive equation of the following conic equaticn

Llx -2 xy+3,7=15%x 420y

G = A w23
G, = =25

P = 80

P = J00O

T = 35/ 2%
o €

X + 2y = 1/4
is the primitive state equation. It is anellipsewith e = ‘.-‘“5,/ 2.
Example 6.
Find the primitive equation of the conic given by the equation
“ €
X=Xy +y = 6x+ 127y - 066

G = 01 =3

G, = -1
F L
P = 3
T = 36

x 4 Byg':EE
is the primitive stzste equation, Tt is anellipsewith e 2‘VE*; T

Example 7.

Determine the primitive state equation for the conic equation:
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n 13
X+ 3 XY %Ly = 22

G
G

k-]

P

il

-4 1i¢3]
5

11

1

Iy o

1l x + ?L': Ll
is the primitive state equation. It is an ellipse with e = ? Iy .

“xampls 2,

Determine the primitive state equation for the conic equation:

* 9 .
Ox+Lbxy=-3y = 8

[

H T

1l

1

-

3 3% g
5

2

- g

16.

X - L ?1 =

G
is the primitive state eguation. It is an hyperbola with e =Y5/ 2 .

Example 9.

Find the primitive state equation for the conic equation:

XY

[

It

= 1

01+ ]
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P o= ]

p = =1
T 2 2.
T yl': 2

Pt
is the primitive state equation. It is g hyperbela with e ZYy2 .

Ixample 10,

Determine the primal state sguation for the conic eguation.

b e S
G = Bi%3
B q
IS |
p = -1
T & = 2
S 5%
X = ¥ ==-2

is the primitive state equation. It is an hyperbola with e =¥ 2,
Example 11,
Determine the primitive state eguation for the conic equation:

X & w3 X427

G = 01+

& = 1

P23

p = =i

T 2 12,

e o = 1R

is the primitive state equation. It is an hyperbola with e = {2 .
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It is obvious from the equations { 22 ), ( 23 ), end { 24 } that
every conic equation of the form:

hes for its ovrimitive the Bquation:

%
x -~ vz 2(F$DE),
al
The resulting equation can be read off practidly at sight. #hy go to
all the trouble of rotating axes in an zttempt to simplify the conic
when one can see the anaswew at sight,

5 - 6. Central Diameter Route to a
Enowledse of the Conics

By reshaping Squetion { 3 ) of the last section or from a strictly
Futation proceedure one may derive the two perpendicular central dia-
meter equations, conteining the major and minor axes, as segnents of
the equations. These ecuations are:

i ¥ o= L¥E$NK

¢ 2 7 ¥y & Gx& H.
L = {(248-NB)/1l286C~-8)
Eg It} flzee-87
G = [ 2hanP)/)la2ngsR)
= fntel )l t2atsi)

L1t

=
1

n = (A4-¢=208)/B.

If one solves enustion ( 1 )} with§ the general coric scuztion

{ + = i b ™ =

{3 ) AX+E2xy+Cy = Dxtmygs

ona obtains the twe points =t the ends of the mejor axés. Let them be
(%, R, and { x5, 3 ). Tikewise from souctions [ 2 ) and [ 3 ) one
ortaing the two noints at the end of the rinor axis. Tet then be

- 1 3
[, L)oand ( x, ).
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The center of the conic is then riven by the tr the coordinates:

5=
o
-
=
it

X+ xa} /2 ( Xt xed /2

-
v
L

=

‘I

18
—

¥ ivw) /2 (vt el /2

i

he ssmi-major asxis is then siven by the expressiocn:
r k) L

i - - F o=
F &) L a { %, xh} + : }13.

The seml-minor axis is siven by the axopressicn:

O L.

) -
(7) b o= [x-x) + (3=l

The distance of the foel from the center of the conic is -iven by

(&) ™ = 3 g-

“he wlus bheins for the hynerbole srnd the minus for the =llipse, If

ﬂruat1cﬁ [ 2 ) reaprasents the emustion of the minor axis we derive

from it the P011ﬂw*nP expvression for the sensstizad unit eceentric-
itv:

The vectors to the focl are then =iven by the expression:

5 !
{ 1C ) 8 = U £ ce
where € is given in equation { 9 ) end c and Uy ( & ), ( 5 ), and [ &
All quantities refer to the original axes. Tquation ( 10 ] may "be
written in ccordinate form if so desired. The semi-per;olatum is given

by the expression:

¢ 31 ) E T B/lai

One ecan thus calculate all the desired parameters of the conic when
the eauations of the central diameters are known, and they are known
from the =ouation of the conic,
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e ecarry thru a numerical example to illustrate the theory in the
section just developed.
ixample 1,
inglyze the Ffollowing conic from the central dismeter view-point.

Ty 3 i
EXR-h LIy D 12x 40y =42

F e lA-B38)/% = 3
62 [A=ES 6] fE B -0
T

E o= B

G = =2

H = %

The central diameter equations ( 1 ) and { 2 ) then become:

-l
¥ - 2x 415

n

dolving these two equations with the ziven conic above one obtains

[ 446, 2423 )
{ 7«54, 3.77 |

! R YI}

1]

(=, v

for the vertices of the conic on the focal line and for the vertices
on the pernendicular central diameter the following two points:

{ 5.68, 3.63 )
(%, 3t s 0632 2:36 )

#
wd
1l

The coordinates of the center of the conic are given by:
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Uy = (x4 %)/2 = (46 4754 }/2 = 6
U= { %t x¥}f2 = [ 5.68 ¢ 6,32 }/2 = &
U = (7 # H1/2 = (2.23 $3.77 )/2 = 3
U = (3, + ¥,0/2 = (3.60 +2.36)/2 = 3,
The semi-major axis is given by the expression:
~ L - 3 o
ha = ( L6k - 7.54 ) 4 { 2.23 -3.77 ) = 12
a = 3.
The szemi-nminor axis is given.by the expression:
f’: 2

L g { 5,62 = A,32 flf{ 3,63 - .36
b

=5 f 2

The distance from the center to the focus is given by:

S “ '!-

c 5/2 = 10/4

1] 1]
—_ £
i
5]
e
b
1
-
had
1
'_l
e
ol
1

c

From the minor central diameter equation ¥ = =~ 2 x 4 15 one

obtains the unit sensetized eccentricity:
e HER-k Lngel

e = (214 3)/05.

The focel vectors are then given by the expressions:

8 = U e E: - S'I , SL} [ 7.42, 3.71 i

( 4.58, 2.29 ).

I
g = U-ce = (s ,8)

Jee Fig, 5 = 5 for a sketch of this conic.



167

The drawing belew is not drawn to scale . 1t is only symbolic.

/ Fig-5'54

5§ = T+ Primal State Route to a
Enowledge of the Conics,

If one multiplies the general equation of the conic ([ 1 ) below
{ 1) Ax"-{-ﬁx}r{-ﬂ}rﬁ: Dx+Evy 4F

by the quantity 2 / P,where P is the larger of the Primal State
numbers, one obtains the Primal State Equation for the conic. It is

b
L 29 ax+bxvyv4e Yi': dx +ev+ f.
The sensetized eccentricity is given by the expression:
ko

(3) e = i¥l-a 4 jY¥l-e

from which one obtainz the unit sensetized eccentricity e .
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If one squarws the equation in [ 3 ) the result is

i o g o et

From equation { ¢ ) in section 5 - L one has for a the semi-
major axis the expression

a g
(5) a:\hffl-e‘}+h-th.e}f:::{l-é‘*i.
h = di%e j.
The e in the expression for h is the coefficient of y in the Frimal
State equation and should not be confused with the eccentricity e.

We may now write down the value of ¢ knowing the value of a and e. It
is

i 63 c

1
15
n
L]

g T a g%

L 73 b

1
fo
i
[¢#]
]

Cne is now in a position to write down the primitive equation if so
desired. It is

(8 ) Ll dop I8 e L

The center of the conic according to equation ( 7 ) in section
5§ = L is given by the expression:

{9) 8 B EReBE ) At ase ks

One is now in a position to write the expressions for the two focl
and the four vertices., They are

{ 10 ) S = U4ce
{ 11 ) s = U-ceé
[ 12 ] H..:T_T-l-aet

{13 ) Hy= 11 - a e
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{ 1, ) G, = U +b %
{15] ':—:T}:[..!"'bg-

If one wants to find the leocal of the ends of the perfolatz he may
write them with the expressions:

( 16 ) Y. = § 4 K%
(17 ) L,z 8~k&
(18 ) M, = s-fl:‘é"
)
( 16 ) iy = §~KE8
o
( 20) K = b/ a.

We shall do a numericzl example to illustrate the theory in the
last section. 7ith 2 few comments this will bring te 2 close the ana-
lvtiec theory of the central conics.

fxample 1.
hnalyze the following conie from the Primel State Tiew-point:

2 xh+ L xy - y“’: 5 & +_é ¥ - 27/8,

G = 341i%4]
Gy = 5

F &5

» = =

T

1

The Primitive Otate Scuation is then given by the expression

%
I x -2 TF': -

From thls equation cne obtains the walues of a, b, and c. They are
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o

“e now derive the pgrimcl 8

sl

T
o]

e

5

il

4

he Primal State coefficisnts.

2

Maltinlyineg the ~iven enuation

Tnuation. It is

2/3 X+ 4/3 x ¥

B =
L=
i
8, =
h =
.
{ § R
L
h . e
=
l -8

/

P

11

2.8 6

tate Yrustion fron which we ahzll de-
rive the sensetized eccentricity and then the above perenelers from

Cur rultiplying factor is:
= X Ff 3

by 1 / 3 we obtain the ‘rimal State

~1/3 v ex 2y - 9/E,

- 3¥1-¢c 5 1423 3;’{5--

The semi-major axis a is niven by the expression:

a :'{ L & F =

N i { -9/

'p]

I

tt

11

~ y
F) il =l m.. 8T e

fge [ € ] ssotion

) (-2/3)45-18/3/2(~2/3]

W
]
=

*

L70
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= 8 Y iw(3R2) d.

-

-
]

—

“onations { 12 ) and { 20 ) of section 5 - 4 give the some values
for the ccoordingtes of 1.

Ugvin® calculated from the rinal State Mguation the values of a,
b, ¢, e, and U we are now in wosition to locate the four vertices,
the twe foei, and the four periolataz points, the points at the ends of
the merfola taz. In this case, the conic heing a hyperbola, it is ob-
vipus thet two of the vertices are at infinity or are nct in our wart
of the neizhborhood, Perhaps they do not exist. Just to fsuilizrize
the student and teacher with the onerations of the Few Science we shall
calculate the two resl vertices, the two foci, and the four perfolats
noints. From ecustion { 12 ) we have the exgression for cne vertex:

£

Ll

vgad = 5Mi-1/23)4Y3/2(1-2353/5.
= 1[??":—} i - 1.-5':.:':' _j

M,z U-&d = {5M4i-1/23)-¥3/2(1-2]}/f5

R
>
-

]

o
od
+*

L )
-

L

=

(ol
T
L ]

2 l.?E? i - ll?ll'r ‘j
s = U-cé& = {5/1=-1/23)=Y5/201-23}I/5
: 0.543 1 4 0.5 J

t = b/a = 1/Y3/2 z2Y2/3

T,z s 4XE T 1.0571- 1.9 34V2/3 0 245045 .
= 2,688 1 - 1547 j

W= S-FE8 = 1.9571- 1,91 J-yal3 (244 3)/5.

"
'_I
.
I
i
(o
=

-1 A
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= 0.563 1 40,90 54Y2/3 (23 % 5 N5

o~

il
[
-
nd
=
£
]—I|

$ 1.261
M2 g-H8 =0.543 140,911 =-V2/3 (21435
= - 0.188 1 4 0.547 § .

if one determines the central dismeter thru the foci by any of the
expressions previously developed one arrived at the ecuation:

F:_zx*'gp

If this is solved withe the given equation of the conic one arrives
at the values listed in H,and H.azbove, BSee Fig, 5 - & below illus-
trating the ahobe examnle,

p 4




Tt should be vointed out that onlv the equation given by the sx-
pression:

P iL £ D yL = 3

does not apply to the parszbola since the parabola is not & central
conic, The Centrazl diameter theory applies to the parasbola as well
as the theory of the Primal State., It is essy te see from the defin-
ition of the P and p :

P

i
I
+
o
+
Ep

&

L1
ha
+
e
I
g

P

for in this case G, is sgval to 4 + T,
« What then is the form of the aohove
srabola? e ghzll sae.

that » is zero when R = | & O
T iz undefined for the narshola
soustion when it revrosenis a

Ld 3 AXS+Exys0y = Ux$EY 4T

conforms to the following relationship anons its coafficients:
[

{ 2 B o= bk &S

it is said to te a parabola. If enuation ( 2 ) shove is put into
goyation { 2 )} of section 5 = 3 one sees that the sccentricity o
is emuel to one far the parsbola. Ve write it down bolow:

Lo

& T Ia
From the axnression Tor the center of 2 conie:
- N et .
o = (h=k.g88 bVfells s

it would seem thet itz center is at an infinite distence away sirnce
the fzotor in the dencminstor is zero,
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fa shall not bhe interested in this gZreat distance st the present
but we are 1nuereqteﬁ in tie directional part of the expression for U,

L.-
It bas a lobt Lo sev. I we multiply this directicnzl part of U by %
we pbtain:
b 3 At . (o b
L g3 84 [BL-h,.88)z Hee-H.€ Z 5
h" St — P 'a - ks 5
eanin® in mind that € < {8 } = 1. e thus see from ( 5 ) that

ks
( h=h . & 5 } has the direction of e and, most important, it is the
direction of the oven end of the parabola.

If 7 had made a mistake and hed put - e for the _ddrection of the
open end of the parabola the exmression { h - h ., 8 &8 )} will correct
me end ret my mistake right. What " intelligence " in an expression.
It will not listen to my miatake,

If one puts the expression P = 4 A C into the expression for 3, one
chtains:

(&) GazJEﬂ{ﬁ-c}“:{Afn}.
(7)) Pr2 A¥CrG s 2(4A%C ).
(&) pos ARG B o op.
( 10 ) 248 B YA LAAE

——

If we multiolr equation

1 ) by ecuation [ 10 } we obtain the
Primal 3tate TNguation:

{ A1 } axt+bxviey = h,r4f
| a2 ] h = di % e}
13 ) e R L %Y .

1.
From the expression B I L A C one sees that A and £ always hat
the same sivn. We shall always write our equations so that they are
vostive. There is no loss of penerality in deing this.,
If we replace the Prinmal State valuss in the expression for the dir=-
gction of the open end of the comic ( parabola ) we obtain the express-
ion:

i ol vée = Ll 2831 2§ L

( 15 ) E B TEed=38) JEELLELEEBYT .
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From sguation { 14 )} we learn that the open end of the parsbola
lies in either the first or third quadrants when B is negative and
it lies in the first or third gquadrant accordinz as L is postive or
nezative. ‘'hen E is nostive the open end lies in either the second
or fourth quadrants..It lies in the fourth or second as L is postive
or negative.,

5 = ©, Vertex, Focus, Ferfolatum

¥or a complete knowledge of a parabola three essentiale sulfice:
They are the locals of the vertex and the focus and the magnitude of
the perfolatum. ile look at its focus first, If we cultiply ( 12 ) of
section 5 - 2 by € we obtain:

Lk 3 el 2 B ¥ /)B
“quation ( 12 ] Of section 5 - 2 may be written in the form:

( 2) S (Esm,8) = (nfzsnhs

i

Zquation ( 13 ) of section 5 =« 2 may be written in the form:

(3) SlE -~ =87 IERTL

Comparinz the last two ecuations we obtain:

( &) Ehfz-sf} ."ts"-l-f}.

dhen e = 1, a parabola, equation ( 4 ) reduce to the form:
(5) ho8 = n/ bk,

A solution for the proto=type e%uauic-ns (1) and { 5 ), accord-
Ingto (9 ), { 10 ), end { 11 ) of section 1 - 5, is :

(6) S= ((h.e/dhs(B/b=-2)8)/(h.e).
{?] HI:S-[K/?]G-

Here H is the vector from the origin to the vertex.
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From equation { 13 ) of section 5 = 2 one easily finds ths value
of the perfolatum to be:

e e

(8) E = 6,8 aytss”

We shall seldom make use of this eguation because of the troublesome
question of sign Iin the right side of the equation. Instead, we shall
derive i1t from equation { 12 ) of the same section. This will avoid
the troublesome sign question., Equation ( 12 } may be written :

{9] {K"E+S}E:hf2-54

The left side of equation ( 9 ) says that the known right side can be
factored into e and scme other known factor, say M. Then we may write
Equation ( 9 } in the form:

(A

- 3

= (K=e.S3)e = n/f = Me.,

Comparing coefficients of e we arrive at the value of ¥. It is
{ll} K:E«-S'I'H-

Equations ( 6 ), ( 7 ), and ( 11 } zive all the essentials of a
parabola ., See the asymbolic picture in Fig. 5 « 7 for a represen=-
tation of the theory of the parabola.

Figtﬁ-"?-
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If in the general conic esquation given by
( 12 ) A fLT Bxy+4Cy = Dx¢Ey4F

one takes into account the parabolic relationship:

{ 13 ) BL: EAC

the eccentricity e given by the expression

( 14 ) e = 11--:;;&3‘\}1-@

i
depending on whether B is negative or pD%Five, becomes for caps:

-—r

( 15 ) & = (2o ~ Bjl [fE Ci} ﬂ Eﬂ.

Note that e in { 15 ) is unity, Note that it has the same sense, not
necessarily the same direction,as the open end of the conic given by
equation ( 14 ) of section 5 - 8 .

It should be noted that the Primitive State Equation is given by

( 16 ) vz 2 Kx

{ 9% ) x

2 K v.

These equations are the form taken by the Primitive Equation

(18 ) Px & py = T

when the equation is a parabola. We skall do a number of illustra-
tive examples to aid the student and teacher in gaining a feeling
for the New Science of Mutation Geometry.

Example 1,
Analyze the parabolic conic whose equation is

2 £k+ 6 X ¥ + L5 ?1 = =7x-5Lyv-17.



From equation { 15 ) we obtain the value of the eccentricity

e = {(~-314+23)/{13.

In the given ecuation E is pc#tive and the L of equation [ 14 )
section 5 - # is negative., Thus the open end of the parasbola points
into the second guadrant.

G = =2.,514%673
G, = 6 . 5

F = 19

2/P = 2/13

The Frimal State Equation is the given by multiplying the given eg-
uation by 2/13. We only need the h part of this equation. It is

h = =2{%4¢43) /) 13

Bfee -4 71443, 13
B ozl &k aegy Yt
?:-{21:,3;]}/{’“.

From equation { & ) of section 5 - 9 one obtains the 3. It is

S = ( -50.51i4253})/13

h/2 =8 = (43.51 -29 3 )/13
= (W53 ) ( =34+ 25 413
M o= . 14.5/f13
.5 = 201.5/137a 15.5NT3 .
K = e85 4+M = (155 = 4.5 /{13 = 1413 .
K2 = 1f 213

178
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{ ¥/2 ) e 0.5 (=33i4+23)/13.
H = s=-(K2)e =(-491i+23)/13.

We have now determined the direction of the open end of the para-
bola, the locals of the focus and vertex, and the magnitude of the
perfolatum. The parabolz is completely determined.

The central diameter for this parabola is given by the equation

21:4-3?:-—2-

If this equation is solved with the equation of the parabola one ob-
tains the same values for the coordinates of the vertex as those det-
ermined above, giving a sort of a confirmation of the first answer.

Example 2.
Analyze the following coniec, a parabola:
3x+2Yy3 x - 4 fL = 8x - syfi ¥y o= L,

e = (1-f33)/2

h2 = (1-Y33)
8 = (5/8)(4i-y3 )
h/2 -8 = (3/6)11-33) = (3/&)(1-33)/2.
M o=z 3/4
e .5 = 5/,
K = 345k 2 3
( Kfz )8 = (3 <¥3 3 })/2
H = 8=(K2)e = (1-y33)/8.
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We see from the form of e that this conic has its open end in the
direction of the fourth gquadrant. We shall always identify the dingt-
ion of e with that of the expression h - h . e e , the direction of
the open end of tha parabola. From the expressions for 5 and H it will
be seen that they are parallel. This means that the central diameter
of this parabola pesses thru the origin. One sees from the 3 and H
squations that the focus, being nearer the open end of the parabola,
is five times farther away from the origin along the central diamet-
er than the wvertex which is nearer the origin on the common central
diameter. The central diameter for this equation is:

¥ o= -H{Eﬁx g

If we solve this sgquation with the parabolic eguation above we
obtain the same wvalues for the coordinates of the vertex as those
in H. This gives a sort of confirmation of the first result, The
central diameter for the parabolie equation

@ o
Ax+Exy4+Cy = Dx+EyY¢+PF

by any of the expressions already developed for the central dia-
meter, may be written:

Y

Lx 4 M

L - [ B/2¢ )
M = 280 E&£B3D )4l A¥E )

This is an important equation in that it in conjunction with the
equation of the given parabola enables one to determine the vertex
immediately. This local of the vertex is an important step in anal-
vging the conic.

It should be pointed out that the only part of the factor L in
the expression for the open end of the conic that determines sign is
the expression

{ 30D =« EB )

]
The part in the denominator ls alwavs postive. The sign determiner
above is easy to calculats, Be it remembered that the sign of B de-
termines whether the central diameter lies in the direction of the
first and third quadrants or the second and fourth quadrants. The
guantity ( 2 CD - E B )} makes the final selection. The sense-tized
eccentricity e is given this direction.
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¥With example 2 we bring to a close Mutation's view of analytic geometry.

chapter 6 to follow we shall do a number of the common prohlems of college
geometry from the Mutation vriewpoint.

In

We shall then use the new science of
Mutation Geometry to generalize the more important propositions of college

geometry thereby encompassing all that is worth while in this field.



