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CHAFTER SIX

Mutation Geometry View
of College CGeometry

& - 1., The Alpha Postulate in Action

We restate this postulate here: The alpha and omega products are
required to be tempo-locally invariant. These products may be shifted
mentally from here to yon at any time without changing their value
It hes an analogue in plane geometry: figures may be moved from one
place tc another ( at any time ) without changing their shape.

The alpha products sre of the form a . r and the omega products
are of the forma . r b . r . We do a typical construction problem:

Froblem 1. Construct a rectangle to have a given perimeter and with
each of its sides passing thru one of four given points on a plane.

See Fig., 6 - 1 bel@wm_ ! .
¥
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let A, B, C, and D be the four given points, Let EFCH be the re-
quired rectangie + cuppose side EF passes thru point A, FG thru B,
GH thru € and HE thru D, Designate the vector AC by a and the vector
ED by b. Let the unit vector along EH be denoted by r then the unit
vector along FE will be denoted by F. Let mn = g denote the semi-
perimeter.
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From the statement of the problem we may write the following eq-
uations:

(X)) & X = AP

ot
4

(2) b .

B3

Adding equations ([ 1 ) and ( 2 ) we obtain the following express-
ion:

':3} ﬂ.-r"'ht‘f’:s-

We may interchange the slurs on the b and r in the second pro-
duct and obtain the equation:

(& ) 8+ % T.or =z s,

This act of interchanging slurs is in harmony with the alpha
postulate. Tt preserves local invariance and in this case gives us
a common factor r in our single equation. With this change the last
equation becomes:

(e
(5) La £ B) 2 2 8

Equation ( 5 ) is a composite prototype equation whose solution
for r is piven in equation { 2 ) in section 1 - 2, Ve shall instead
give a mechanical solution for it since that is the goal of our prob-
lem, In Fig. 6 = 1 draw AL perpendicular to and equal to BD. Comp-
lete the parallelogram on AL and AC as ALMC. Put a circle on Al as
diameter, With A as center and 5 as radius cut this circls in the two
points N and N, the later point not shown in the Fig. Connect M and A
to N forming a right angle at N. Draw LU perpendicular to MN. Draw LV
perpvendicular to AN, Thru A and C draw lines perpendicular to AN. Draw
linea thru B and D perpendicular to thes lines forming the rectangle
ZFGH, Draw BS perpendicular to EH let GH cut AN in point P, It
should be pointed out that AL is « We shall now show that the rect-
angle EFGH has its half perimeter equal to AN, The rectanzle satis-
fies the first requirement that each side should pass thru a given
point, Bt., triangles BSD and ALV are congruent since their hypoteni
AL and BD were made equal and the sides of the two triangle a re per-
rendicular, Then

iy = B3 = HF

corresponding parte of congruent triangles being equal,
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Rt. triangles ACP and LM are congruent their hypoteni AC and 1M
being opposite sides of the parzllelogram ALNC and their sides being
parallel., We may then write:

¥ = L = AP = HE.
Adding the last two wquations we obtain the result:
Al = AV ¢+ VN = EF 4 HE g D, { Nov. 20, 1963 ).
It should be peointed out that there will be two, one or no soclu-

tions according as AN is less than, equal to or greater thah Al

Problem 2. Construct a rectangle each of whose sides shall pass
thru a given point and have an area egual to that of a given sauare.
Iet the gziven points be the same as in problem 1. Let h be the side
of the given square. With r defined as in problem l. we may write the
following equation:

(13 fa.r)(bar) = h

Zplintering ecquation { 1 ) with the cmega proposition we obtain

() ' 5
[ 2] aeb 4 baus = 2h
gfha ¥ , 8 = a, .

Eguation { 2 ) mey be written in the form:

bl i

. K e
{3 ) b 2 $2b=8 b Vays k

Ecuation { 3 ) is & prototype equation and we may solve it either
mquanicly or analytically. ¥e shall do it mechanically. Put a circle
on b zs diesmeter. With A a5 center and k as radius cut this cirele in
the two points ¥ and ¥, the lster not shown in the diagranm, All gives
ne direction of s, Faving found = we bisect the znsle between s and
2, accordine to the Iutation Diagram in ( 2 ), and this bisector has
he direction of r. r is ths direction of one zide of the required
ectanzle, Tha rost of the solution is obvious,

Here the omega rrovosition played its full part in the solution
of this oroblem.

ok oot



18k

For aoms it mer be more revealins to 'mwite equation | 3 i in the form:
5 w
[ ¥ i
(L} T.8 2 2h/fa, =~ asb 3 k.
-

The gxyression Z h / a is g fourth proportion between h, 2 h, and a,
a', © is the projection’of © upon a. This k is the difference betwesn
two line sevments and ig @ 13 constructad.

If one clears equsti ) of fractions and transposes one gete
ecustion | 2 ) which is are as eouation [ 1 ) by the ciega prop=-
cnition. If one drews the figure for it one simply repeats the proof
of the Bmega provosition. The elements in the Crege Propositlon mey
bLa revrsssnted by varlious persmeters or combination of parometers,
simole or complex, This does not chense ths esssnce of the “roposition,
Te mnke the drawings one only has to follow the ecuations. Uccasion-
allywe shall ro¥e the drawings Tfor the most Interesting oproblems, For
+the Generalizations of the Historical Problems we ghall make the draw-
for all of them. “hile we are on problems of this type we shall com=
vlicate this one somewhat just to practice the student in the Mew
Science.,

s
&
8

Problem 3. Construct a rectangle each of whose sides shall pass thru
2 miven point and have an area equal to that of a2 given sq uare plus
the the difference of the areas of the squares constructed on two aj-
acent sides of the required rectangle. Let 4, B, C, and D be the given
points. See Fig, 6 - 1 for & picture of the points. let &, b, and r

be defined as in problem 1. We may then write the following represen-
ting ecuation:

7

~ L L U
EEa (e 21 {b ) 2 B % fasr)={0b,2]
Splintering this with the Cmega Froposition we obtain:
; e e " . Bt
ol a.b4b.as=22htlad4a.p)l=(b%b..k).
£ 34 JP sMha T 8 = .8,
Pha T n, = =,
g
kAb r'q? - - 7

] we see that p and 5 are the same.

From the mutation diagram in { 3 |
| we obtain the equatiocn:

Haplacing p by 8 in ecuation

il

A

- = o [/ S
[ &} 8 .b4b.8=2h¢l({ata.s)l=-{bstb.k).
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We may write souation {4) in the form:

. e X =g
e = (B -a+B) .
A s 4. 1
d = {(2h~-~a.bta=-bllg .
-
B, = b F 2.

7 45 the co-migrate of b .« From the Futation Diagram one reads
clockwise tha t k goes into s in the same direction that a rozs in-
te b . This means that b, the sssociate of k in its prototyps, st
migrate into its comaprntu P. This mesans thet B mzckes twice as larre
an angle with a as it does with and on the zeme side of 2 as
Thus the margnitude and direction of F is known. Since the Fagnitude
of k is b,and not a we ckanra it uvntil it is in magnitude ecual to 2.
That 1s ”Py the meenitude of B comes out =5 b T

Cne may now solve ecustion { 5 ) sither Hﬂﬂhaniv&llf or coclytica-
1ly. To do 1t mechenically one vputs a circle on ¢ zs & Cicrieter and
rith A 28 a center znd o radius d cut the sircle in points ¥ and ',
and A% sre the directions of s. For the Jirectﬁﬂng of r vwe biseet

the angle between a and AN snd g and AV, These biseetors, sccorting to
the :ht¢ulﬁﬂ Diacrem, awe the directioms of r znd r is the direction
of the side of the reocuired rectangle. The rest of the construction

ls immadiate.

{ns sees from ecustion { 5 )
solution to the nrobler accordi
sreater than ¢ . "The =nslviica

L thare will be two, ons, or no
5 d is less than, coual tD, or
olution to eguaticn { 5 ) is=:

L N B
Iy 8"z {deoe & ¢V =a) /fc.

“he remaining nart of the =solution would be as tha

reometbry the mechgnicel soluticon 48 tha most ususbls. TIa a nore &8-
vanced zeohetry one may ot tines need an anzlyticel expression to subk-
atitute inteo another expr2ssion. The mechanical solution does not offsr
thas Tacility.

In this case, as in gll cases involving the omega products, the
Cmega -ronoslt¢on must pﬂd will Dlay its full ndru. 1t reduces all ths
omega products to a sun of alpha rrototypes, These, in accordance with
the alpha vostulate, are assembled or herded into a orimordizl alpha
urototvpe. It is generally a composite prototype as in equation { 5 },
¢ « 8" 1s the composite primordial alpha prototype for this problem,
its mechanical and analyticsl solutions are given above.

All problems ﬁn colleze and projective will be the solution of the
alpha prototype. Thev mey be composite but thet does not change their
25SENCE.

-
C
[=4

th
ne
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ghove. In colless



Problem L. From a point on the circumference of a given circle draw
two chords making a given angle with esch other and having their sum
soual to a given line. 3See Fig. 6 ~ 2 belew for a picture of the
configuration.

Fig., 6 = 2

let A ve the =ziven point znd AD designeted by a be the diameter
thru the riven point A. Iet S be the given anglie and £ the sum of
the two chords.: let b and ¢ be the unit directions of the two ch-
ords. %We may then write:

= 1) BB ¥ @t 2 %
This may be written in the form
(E} a.b-r?.b:k

where & is the co-migrate of a . Zauastion ( 2 ) may be written in
the primordial prototype form:

o d .5 = X

1-1!]' 'ﬁi:&ﬁ"ﬂ.\t
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To construct @ we draw AD equal to AB and making ancle S with AB,
AD is then the comigrate @ in accordance with the definitions of the
co~migrates previously given. d, according to equation ( 4 ), is the
dlagonal AC of the parallelogram constructed on AE and AD. The solut-
ion of { 3 ) then is the standard mechanical solution of a proto-type.
It is: put a circle on AC as diameter and with A as center and k as a
radius cut this circle in points G and &' ( 'not shown in the diagram),
Draw AG cutting the given circle in E, Draw the chord AJ in the given
circle so that it makes the given angle 3 with AE, We shall now show
that AY and AJ are the two required chords., To do this we shall have to
ghow that the sum of AE and AJ is the line AG.

Proof: DOraw BI and DH perpendicular to CG, Draw DF perpendiculal to
AG,. Right triangles ABE and DCH are congruent having their sides par-
allel and their hypoteni AE and DC as opposite sides of the parallel-
ogram ABCD, From this we have:

{ & 1] AE = DH = FG.

Right triangles ABJ a2 nd ADF are congruent having their h eni AB
and AD equal by construction and angle EAJ is equal to angle DAF both
being equal to the given angle S minus the angle DAJ. From this con-
gruency we may write:

(6) Al = aF
Adding equations ( 5§ } and ( 6 ) we obtain:
} ¥ AE % AT = AF ¢ 70 = AD. { G %8s D50

We have taken pains to go thru this problen in detail. However, 1
point out tha t we have done nothing but put ecuation ( 3 | into ex-
panded form., Eguation ( 3 ) contains every thing contained in these
confruencies. It was just a lot of extra labor that we went thru and
needs never to be done. When one has reached the primordial proto-
type its solution conta ins the answer and one must learn to accept
it . To persue it futher is a waste of time. Cne does not need to
prove any thing congruent. The solution,of the prototype is the end
of the trail ., Its solution is the answew~

If the human race had learned or been taught this from its infan-
ey it would not now seem somewhat strange. The mind would need no
further satisfaction in a proof. W_ have now entered the New ERA in
our experience. W® shall learn to accept the solution of the primor-
dial proto-type as the end of our desires for proof satisfaction.
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Cne could have just as easily solved the problem when each chord
went thru a different point on the circumference of the ziven circle
instead of the same point on the circumference. We shall leave this
for the student.

While we have Fig. 6 - 2 before us let us solve the problem that
will invelve the Omega Proposition.

Problem 5. Thru a given point on the circumference of a given
circle draw two chords making a given angle with each other and hav-
ing the product equal to the area of a given square. Let A be the
given point and AE the diameter of the given circle. lLet h be the
side of the given square. See Fig, 6 = 2 for a picture of the config-
uration. Let b and ¢, as before, be the unit directions of the chords,

We may then write:

P

-
{ 1) a +.ba.b = h

Splintering this with the Omega Proposition we obtain:

¢
Ea ] 2 .5 2 h

-+
o
-
f=
L]

(3) dAnZ,b 4 = a

{EI-']' &-d'ifEh-a-E]'/ao: e

The solution of this proto-type equation { 4 ), either mechanically
or analytically, gives the value of d, To find b we see from the LiU-
tation diagram in equation ( 3 } that we must bisect the angle betw-
een d and &. Having found b we draw ¢ making angle S, the given angle,
with b. This is the end of the demonstration. We need no proving of
congruent triangles, The directions of b and ¢ drawn from point A will
strike the given circle in the proper points. Wote that in the mech-
anical solution of this proto-type equation { 4 } we put a circle on
a as diameter ( this is the given c¢irele )} and with A as a center and
e as radius we cut this circle in two points which with A determine
the two directions of d. Having found d we then construct the direct-
ions of b and c. These determine the two required chords. This is the
end of the solution with the observation that there will be two,one
or no solution according a s e is less than, equal to or greater than
a. One will become used to the new type of solution with practice.

The student should find a new sense of power in the new modes of
of operationa in the New Science of Mutation Geometry. He should gain
power as he goes. These new modes are designed for the entire field
of gecmetry,



189

& = 2. Generalization of the
Apollonian Problem.

Historically the Problem of Apollenius was to construct a circle
which would be tangent to three distinet circles in the plane. Apoll-
onius of Perga studied the problem and gave a solution. His solutien
was the end of a series of solutions of simpler cases, interdependent
on each other, His solution may be found in most books on college
geomelbryv.

It should be pointed out that the word tangent implies both ex-
ternal and internal tangency or what is the same thing it means to
cut at zero or 180 degrees. Two circles are tangent externally when
their circumferences cut each other at zero degrees. Two circles are
tangent internally when their circumferences cut each other at 180 de-
Erees. :

It should be further pointed out that the radii of two intersecting
circles make with each other the same angle as their circumferences
make with each other. This is important., If two circles cut each other
at an angle a then the radius of the first circle drawn from the center
of the first circle to the point of intersection of the two circles
makes angle a with the radius of the second circle drawn from the point
of intersection of the two circles to the center of the second circle.
See Fig, 6 - 3 for a picture of the configuration.

Fig' 5 - 3-

We shall use this fact in our dealings with circles and their prop-
erties, It is quite appropriate for our generalizations as we shall seas
I would like to think that Apollonius could have generalized his prob-
lem but one must remember that he did not have all the accumulated ex-
perience that 1is accessible to modern man. We should be grateful for
the solution that he did produce for,only primitive methods were avail-
able to him., We shall presently state the generalization.



Generalization of the Problem of Apollonius: Construct a circle
which shall cut three given circles at given angles.

Let A, B, and C be the centers of the given circles whose radii
are a, b, and ¢ respectively. Let alpha (j), beta (£), and gamma
(¥ ) be the three cutting angles whose cosines are f, g, and h res-
spectively. Let r be the radius of the reguired cir{:ia. Uesignate
AB by € and AC by &. let M be the center of the required circle
and deeignate AM by U, See Fig, 6 = L4 for a picture of the con-
figuration,

Fjgf 5 = 'h'i
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From the configuration we may write the following three equations:

i 3] v = aifiafr‘;fr

(2 {geny
(55 4gadi

=

hL-;- 2hgr 4+ vk

::-,"1- 2ehr, ¢ e



Subtracting ( 2 ) from ( 1 ) and ( 3 ) from ( 1 ) w

two eouatlons:

(:

b

cobtain the

o
- 7
= pr 4 1
- T L
—_ n I‘u + 1w
aguations { L } and [ 5 ) for U we obtain
= 6r, ¥ H
' - p .
2 {a e =~ BlLLR
= E g oy p]

2 {aT = ¢ hi}
 {pi = ne ble.,d
= (Pd - ne)/e.a

1

Put eouation { & ) into esquation ( 1 } and we obtain the guadratic

{7 ) ™

whose roots are given

[ 8 ) n

+ 2L, - E = O

by the expression

kS
-1 2y L ¢ M
=1

(af = H.,G) /(1 - @)

I

2 § 8w 25 51 = B

Put the values of r found in ecuation { & | back into equation ( 6 )}
and one obtains the two vectors to the center of the required circles:

[ &3 u

{ 10 ) u

11

G & %

G r & -Ha

191



It should be pointed out that when the magnitude of r iz known, the magnitude of AM,
BM, and M i= known. With & and B as centers and radii AM and BM, one can find the
center M of the reguired circle. This i=s, perhaps, more convenient than using
egquation {(6) to determine the center M. There will be no solution when M i=s negative
and greater than 12.

It can al=so he seen that there is only one circle possibhle when the circle is to he
orthogonal to the three given circles for in thi=s case £, g, and h are all zero which
makes  zero and thus L egqual to zero. + M takes the vralue H2 = a2.

If the required circle is to bhe tangent to the three given circles £, g, and h will
all be either 1 or -1 depending on whether we specify that the regquired circle i=s to
bhe tangent externally or internally. For a specified condition there are nerer more
then two circles possibhle to he constructed to correspond to the specified condition.
Eight solutions are po=ssible in the Apollonian problem, but I point out that the
word "tangent" to three given circles has several conditions in it. The
generalization gives a clear picture of the matter.

There are some people in the geometric world who are still looKking for that
eighth-degree egquation whose roots will give the eight radii of the eight pos=sible
circles in the Apollonian probhlem. A careful look at this Generalization from the
Mutation Geometry will resolve thizs delusion. If A, B and C represent the three
girvren circles and 0 and 130 the cutting angles of the reguired tangent circle, we
havre the following pos=sibilities for the Apollonian Prohlem:

A B C
1] 1] 1]
1] 1] 180
1] 180 1]
1] 180 180
180 1] 1]
180 1] 180
180 180 1]
180 180 180

There are 16 (two for each of the a=ssignments) possihilities in all for the
Apollonian Problem. The Generalization developed above takes care of all of these
cases hy assigning the proper values to the £, g, and h which repre=sent the cosines
of the cutting angles. There is not erven a shadow of an eighth degree egquation. In
learing this famous problem we =salute Mr. Apollonius of Perga with the Historic
Diagram:
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6 = 3. Description for the Historic Diagram

The Historic Diagram is based on equation ( & }, Let A, B, and
C be the centers of the given circles whose radii are a, E, and ¢
respectively. The required circle is to cut the given circles A
B, and C at the given angles alpha (J ), beta (£ ), and gamma ()
respectively. ;

Draw the altitudes BN'and CT in triangle ABC. On AB and AC lay
off AX T CT'and AY = BN, With X and Y ss centers and radii XA and
YA draw circles. In circle A draw AT perpendicular to AE and AW
perpendicular to AC meeting circle A in T and W, Draw circles on
TE and WC as diameters meeting circles B and C in points U and V
respectivelyyWith A as a center and radii TU and WV cut the circ-
les on X and Y as centers in points L and N respectively. Draw LD
pérpeﬁﬁicalar to AC and NE perpendicular to AE. Connect E to D,

On ED as a diameter draw a circle., With D as a center and a as a
radins cut this circle in point J Draw EJ'.

Below the main diagram construct the right triangles 5 0 P, ,
QIG W, , and Q,C YW, where

s’o0 = a

2 =

G,80 = o
LSOR = L &
L QoW = L £
e G0 s L F

From the last configuration one sees that

WR = 0P -~ OW = af - bg = pofeq. [ 6 ).
WE S Pb - OWoa =z af -~ ch = nofeg. (6 ).

On AB lay off AF = W, F, and AH = W, B, . Draw HG parallel to BC.
Connect F and G, Draw FI and GJ perpendicular to ED, Froduce EN
to Q making QE = ¢ T', Produce EQ to H' making QH' = JI . Draw
a line thru H' parallel to (D meeting ED in K. Froduce KD to I' so
that K I! = 0P . On CTMas a diameter draw a circle. With T as
a center and GF as g radius cut this circle in I'. Produce T 1 to
F'meking LF = C T .

194
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{4

Draw I K, perpendicular to CF, . On %ly off CCy = 1,P. Thru F draw
a line' parallel to K, C meeting CB in D, . On CB lay off CE, : Bd, »
Thru F, draw a line parallel to K ¢,meeting B in G, . On CG, as a
diameter draw 3 semi-circle, At ﬁ,erect 2 perpendicular to CE meet-
ing this semi-circle in point Z, On CB lay off E B = CD, . Op B Z
lay off B, = L P, ZU is the adius of the required circle. In the
trlangles belcw the Historic Diapram produce ¥, 0 to A making CA = Zu,
With the centers of the three given circles 4, B, and C as centers
and radii A 5, , A @, and A Q. draw three clrcles 2ll dintersecting
in the center i of the required circle, With M as a center and radius
ZU,draw the required circle. The given circles are drawn in green ink
and the required c¢ircle in red ink.

e now give the reason behind each ste of the censtruction. Frnm

the Historic Diagram one sees that ( | * =z (1B * =~ { BU
( B P& ( AT =7 BU 1* = £+e-b Thus Pz ( 10 P/ 2
In identically the same way we have the equation N* = ( wv )/ 2 .

Putting the last two values into equation for H in equation { 6 )
we can write H as:

i~

S

felwmsdy=_(wrlEfelesBY

el

1
H
=
=

L f
L2l wwd

Lo

AT

11

e

' 3 i L
AE=z (W) /J2le.d

We thus may write for H the expression:

C

D }'

[}

L :
H=z AD)d=-{AZ)Ea= [

!
It should be pointed out that e . d and e . d are the altitudes of
triangle ABC drawn respectively from Band €. From the manner of con-
gtructing GF in the Diagram we see that G in equation ( & ) is given
by

G = (GF)/(&.3) = or/c'= ¢F/Eq .
HaG = #( ED ) ( JT }/ BQ =¢( = )} { QH, )/ BEQ = +KD .
LK - 2 S T
{af-H.,C)zL-XKDaaLD.

, - 'L - "
He must now construct the denominator {( 1 - % ) of L in equation { 2 ),
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From the walue of G civen above we have:

L
8 = | GF/0T, ) = {le‘ff:'r‘n.
S i, RS i ] L
1-6 z {{oenY=(qL ) ¥l0erY = {e1)/lcCT).

i
"

¥
|
b

Ty
b
‘ilj
H
e

In the simllar right triangles C 1 K and ﬂ I & we have the relations

(61) = (k) { CF,)

LY

L RETE T RED S BE L

Taking the retio of the last two sovations we obtain:

Es

% > "
l_n-ﬂr‘.j[“l:jl[ELT'l = £ AR )

= & ; P I
Tur expression for I in esuation [ & ] mar nov be written:

Lz (xp) lERY/S(EK) = (€D ),

#e now look for the expression of I in equation { 8 }+« The valus
of B« a7 ig ziven by:

Ve

[
L]
[N
n_.nF
.n_’.-
Ll
e
._.-F
il
—-_
L€
_l iy ]
.
+
LEi
~1
u'F'
11
k)
-

| i
) o L I r: & = -, . L = - i - - i e -
I‘ﬂ - _|I " _J‘ i !ll 1 1 I -‘l il 1 . .
Vevine found the expression for the radius r of th» reculrsd circle
ve turn to the trianc~les “elogr the main “rzwvdns eof the Historie

Fingran.



The wrazscrivilo
ciru¢e after it's

™

for findins the center of ths resuired
has heen found, hos alresdy tesn Jiver
AL ia to produce P 0 to 4 so that CA will ecusl the radius
s c; the renuired circle., Then with A, B, and C, the cantera
of the riven cireles, &= centers and radii A, , &L, &nd Als
ag raﬂml drew eircles mgeting in the common point I, the
Cﬂntﬁ“ of the renuired ¢ircle, With K 25 a cents and 7, as
z radins drszw the required cirele.

It will be observed from soustion { & ) thot there are at
mogat two cireles for aznv set of chossn angles alpha, betz,
andl gamma, The conditions for two, one, and no circles are
inherent in erustion { £ ) and nsed not be discussed here,

Yo doubt, in time, students of geonmetry will simplify the
drawins for the Historic Disgram., Cther Futation expressicns
rav be developed for the Yistoric Ziagram, and they may or
may not be simpler than the one here first cdeveloped,

sh2ll not spend ary time in either =zimplifying what we have
or in writing out other developements, ife shall 1¢1vﬂ this to
those who are primerily interested in the field of gmometry.
The zeometric world hes had, perheps, four thousand years in

shich to write this generalization.

We shzall do a coupls more generalizations in the field of
collere geometry which should encomvass about all that is worth
while in this realm, ¥e shall then take a gquick look at the
field commonly known as projective geometry. W_. shall look at
it Futatlionwise,

& = L. Oeneralization of the Simson Line Theorem
from the Futation Deometry Standpoint.

In collepe geometry it is proven that the feet of the per-
pendiculars to the sides of a triangle from a point on the cir-
cumference of the circumcircle lie in a straight line., We gen-
eralize this to:

The points of intersection with the sides of 2 triangle of
any three lines drawn from a2 point on the circumference of the
the circumcircle and making equal angles with the sides of the
triangle lie in a straight line. When the angles are all rt.
anzles the theorsm becomes the Simson line theorem.



Let ABC be the #iven triangle and P the miven vpoint on the
circumference of the circumcircle. See Fip, 6 - 6, We shall
prove that the three linesz P~IIMN making e2qual angles with the
sides BC, CA, and AB have the points L, ¥, and N in a straight
line. Designate the lines PA, PB, PC, ﬁL, PN, and PN by a, b,
¢, 1, m, and n respectively. Llet K be the sine of the angle
which PL makes with the side BC then from the triangle PBEC we

may write; considering its area:

(1) los § ek JALD = e

a

We may also write the following identity equation:

S

F

f 1,in equation [ 1 } we cbtain the value of 1 in the form:
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!
Solving ( 2 ! for 1 and the multiplying the result by the value
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(3 ) C@ B3B8Vl 2 b-8 & ELXEEsD

Here h is the cotan of the angle whose sine is K. Using the
other two sides of the triangle we may write two more equations
similar to equation ( 3 ). They are:

-.r". Lt
( L ) (e aad)a-nkn

it

E"Eih{ﬂ“cjl

~k -

(5) (BsB)a-blm= &b« h({a=1n).

g

If eouation [ &L ) is subtracted from the sum of egquations { 3 )
and { 5 ) one obtains:

0 =1 " =4

(61 (cobllbec) I = (c.&)(a-¢) n + (b.2){a=b) m = O,

We now determine the relationship between the coefficients of
1, m, and n in eguation ( & }. They ars constants for any fixed
position of the riven triangle ARC and Point P. Une way would
be to expand them and take into account that a, b, and ¢ are
chords of a circle., A slightly easier way is the following. Cne
notes from equation { & ) that all signs of the size of the equal
angles have vanished and we may mske them any egual angles, in-
cluding 90 degrees, in which case L, I, and N are collinear;
Simsons Theorem, and 1, m, and n are termion=collinear and the
sum of their coefficients in ( é ) is zero and since they are
constants their sum will always be zero then 1, my, and n in { 6 )
are termino-collinear for any egual angles for the sum of their
coefficients is zero and this is the Generalization.

Below we give a visuzl demonstration of this CGeneralization.
In the eyelic guadrilateral PLCM we hawe

7 .}I LPI¥ = LPCM = LPCA = £LPBA = APBN.

From the cyclie quadrilateral PLEV we have the ecuation
(8) LPIN = LPBN

Comparing equation ([ 7 ) and ( 8 ) we obtain the relation
(9) ALPIM = LPLN

Thus points L, M, and N are collinear.



We shall do one more generalization in the field of college
geometry, that of the Brocard Theorem, and with this we shall
bring to a close our section on.college gZeometiry.

& - 5, Brocard Generalization

In college geometry it is shown that the three circles on
chords AD, AB, and BC, tangent respecrively to the sides AB,
BC, and AG pass thru a common point. Tangency means cutt1ng
at’ zero or one hundred and eighty dEgreea. For the Brocard
Theorem the sum of these cutting angles is:

(1) 0 + @ + 0 = 0O

In the Censralization we shall show that the three angles

¥, N, and P, made with the sides AB, BC, and AC by the circles,

having a common point, on chords ﬂﬂ AB and BC respectively,
are related by the equation:

(2) M ¢ N ¢+ P = O

where those angles falling autslde the triangle are counted as
negative., ( See Fig. 6 =7 ) :

200
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Lett D be the common point of the three circles. At A draw the
tangent AE to the circle ADC meeting the side AE in the angle BAE
equal to angle M., At B draw the tangent BF to the circle ADB meet-
ing the side EBC in the angle CUBF equal to angle N, At C draw the
tangent CG meeting the side CA in the angle ACG equal to angle P.
For ease in writing our equations we shall set angle DAE egual to
S. We shall now prove relation (| 2 ]},

Proof:

Consider arc ADC.

»E Z DCA = LDAE

since AE is tangent to the arc at A. Then

(%) LDog +LP = L8 or

( 5 £ Doe =L S=LP zL(8<=P)
and is 8o marked in the figure. lNow consider arc BDC.

( 6) Z pca = LDBC

since CG is tangent to the atc at C., Then from { 5§ ) and { 6 }
(71} LDRC s L{8=P)

and is so marked in the figure. lLastly consider arc ADB.
{e) L DAB = LDBF

since BF is tangent to the arc at B. Then

(91 £3 +Lu=L(s-P)-LN or
(10 ) L(® 4 N 3 P) =z 0,

Bquation ( 10 ) is the Generalization of the Brocardian
Theorem. When

{ 11} LM - LN =LP = 0

we get the direct group of ajoint circles of the Brocard
Theorem and point D coincides with the direct Brocard point
of the triangle. If one had traversed the triangle AEC in
the reverse direction one, could obtain three circles, pass-
ing thru a common point D' andicuttlnw the sides AC, BC, and
AR, in the angles P, N, and ¥, such that
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(12 ) Liwm 4 Wwa¥F) =6
When
(13§ 2% T AW = 4P = 0

w2 cobtalin the iddirect group of circles of the Brocard Theorem
and point U coincides with the indirect Brocard point of the
triangle ABC, The indireﬂt Erocard point and circles are not
drawn in the Fig, 6~7. In the indirect case the circle on the
chord AB cuts side AC at angle P'and the cirele on chord AC cuts
gide BC,at angle N'and the circle on chord BC cuts side AB at
angle F all the circles passing thru the common point D', Let

AR be the tang9nb at, A to the circle on chord AE making angle
CAE equal to angle P. Let CGf be the tangent at C to the nircle
on chord AC and making angzle BCG egusl to angle N, Let BF be the
tangent at B to the circle on chord BC making angle ABF' equal to
angle M,

Every consequent deduction that comes from the Brocard Theorsam
has its counterpart in this Generalization and even more. We give
an illustrative example, In college geometry it is proven, as a
corallary, that the direct and indirect Erocard points are isog-
onal congugate points of the triangle.

Let M, N, and P be the direct cutting angles corresponding to
point D and AE, BF, and CG the corresponding taﬂgents as shown
in the diagram ahove. Now consider a second point D, not shown
in the diagram, whose indirect cutting angles are P! N, and M
the, corresponding tangents being AR, CG, and BF, Set angle
DAE equal to S, Angles Py, W, and P'are as vet, wholy indepen=
dent of the ancles M, M, and P,

FPerhaps it is not generally observed that there is a relationm,
in disguise, between the direct and indirect cutting angles of
the circles for the isogonal congugate points of the EBrocard
Theorem namely that each direet cutting angle is equal to the
correspending indirect cutting angle each being zero. & natural
Tenergligation for the Brocard isogonal congugate point theorem
ig to find the relation between the direct Cuttlng M, N, and P
and the indirect cutting angles P, N, and M when I and Bt are
isogonal congugate points of the six tangents, two at each vertex,
of triangle ABC since these coincide with the sides of the tri-
angle ABC when D and D' coincide with the isogonal congugate Bro-
card points, We shall see. We may write the following equations:

( 1y ) Loz LisgaP)
i ' b
{ 15 ) L DCG I L{S4P)
/ 7
If D and D are isogonals of the tangents CG and CG we must have

( 16 ) L (8 4P) = £ L8 wP)
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Again

{ 27 ) ;f-EJFEF;: Z DBA + L&EF“= L[SI-F.[}'

and

( 18 ) L DBF = £ DBC 4 L CBF= L (8 =P )L N.

[ 1

If D and D are isogonals of the tangents BF and BF we must have:
i |

{1g ) ZilBai)= £ i8eP)s LK

Adding equations ( 16 ) and ( 19 ) one cbtains

[ 20 ) .Lf?-s:JfP‘-rf.’;:,i{zs-zp-m}

i f
If D and D are isogonals of the tangents AE and AE we must have:

i

(21 ) Fog 48

Takine account of equation [ 21 ) equation [ 20 )| becomes

] i

( 22 ) L A Papt=al {2p N i

b 1
kiding { N42 4} to both sides of eguation { 22 ) and tak-
ing into account equation { 12 ) one obtains:

! i

(23 ) L (Wy2u)z L{N+2P),
Put equation ( 21 ) into { 16 ) and we obtain:
( 25 ) £ P z-Lbp,

Put equation { 21 ) into ( 19 ) and take account of [ 2 ) and
we obtain:

( 25 ) LW =Ly

Put equation ( 25 ) into { 23 ) and take aceount of ( 2 ) and
we obhtain:

( 26 ) L No=-LE .



Equations { 24 }, ( 25 ), and { 26 } zive us the desired re-
lations. The striking beauty of their symmetry will not be lost
on the reader. Now when the direct cutting angles M, N, and P
are zero and the direct tangents collapse onto the sides of the
given trlangle ABC and point D coincides with the direct Brocard
point of triangle ABC it 1s seen from equations {25 1,
and { 26 ) that the indirect cutting angles h! N, and ﬁ are zero
and the indirect tangents collapse onto the sides of the given
triangle ABC and point D' coincides with the indirect Brocard point
thus showing that this particular corollary of the Brocard theorem
which we are illustrating is a very special case of 2 far greater
generalization. Other corollaries of the Brocard theorem in a sim-
ilar way may be shown to be particular cases of a more general
viewpoint. All these deductions follow from equation { 2 } which
is the Generalization of the Brocard theorem,

While this textbook on Mutation Geometry is largely devoted to
the analytic theory of the conics we have done a number of gener-
alizations in the field of college geometry just tc show its ver=-
sa tility. Befere we bring this text to a close we shall take a
look at the field of prnjectlve gecmatry from the Futation Geom-
etry viewpoint,

While this textbook on Mutation Geometry is largely devoted to
the analytic theory of the conics we have done a2 number of gener-
alizations in the field of cocllege geometry just to show its ver=
g2a tility. Befere we bring this text to a close we shall take a
look at the field of projective geometry from the Futation Geom=
etry viewpoint,



