CHAPTER SEVEN

utation GCeometry View of the
Field of Projective Ceometry

7 = 1, Comments re-Projective CGeometrv.

Cne could state and prove here the principal theorems of pro-
jective geometry such as those of Uesargues, Pascal, Brianchoen,
and others by means of which the properties of geometric figures
are derived. These properties furnish the means by which variocus
geometric constructions may be made. This, however, would defeat
our purpose for if we proved these propositions and used their
properties to do geometric comstructions we would be doing things
in a conventional manner. We should then be under the bondage of
the necessity for logical order and sequence., In Mutation Ceometry
there is to be no such thing as a necessity for logical order and
sequence. We shall neither prove the propositions nor shall we
use their properties to do desired geomebric constructions. We
shall show how to do them Mutationwise.

There is no implication in the above statements that the Pascal,
Brianchon, and other propositions are not important nor their pro-
perties useful. I thoroughly appreciated their heauty and elegance
when I was doing a masters degree in mathematics at Indiana Univer-
sity. Be it further pointed out that I was deoing graduate work in
mathematics hefore I was able to do some of the constructions de-
manded in projective geometry., That is a long build up to accomp=-
lish g simple construction like finding the peoints of intersection
of a line with a conic given by five points when the conic is not
drawn.
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We shall first build the equation of a conic thru five points
then reshape it so that it will represent the eguation of a conic
thru four points and tangent to a line thru one of the points or
a conic thru three points and tangent to lines thru two of the po-
ints. Tt will then subsequently be shown how to deal with a conic
tangent to five given lines or tangent to four line and passing
thru the point of contact of one of the given lines or a conic tan-
gent to three given lines and passing thru the points of contact
on two of the given lines., It may all be reduced to the equation
of a conic thru.five given points. We shall then lay the major em-
phasis on the equation of a ¢onic thru five given points.

7T - 2. TEouation of a Conic
Thru Five Given Points

let 0, &4, B, C, and D be the five riven points { see Fig. 7 - 1 }.
Iet a, b, ¢, and d designate the four wvectors CA, CE, OC, and CD re-
spectivaly.



let p, h, s, and k be the vector perpendiculars from O to AB, AD,

€D, and CB respectively. Then

(1)

are the egquations of the lines AR and CD respectively. Their pro=-

duct:
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is the eqguation of a conic thru the four points 4, B, C, and D, In

the same way

{5 )

{5

]
h.r=-h,

fowr =

Q

are the equations of the lines AD and CE respectively. Their pro=-

duct:

( 6) h,rk’.r-{hﬂkiﬁ-knh’}l.r-’;—h@ka:EJ
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four points A, B, C, and D, Forming
3 ) and { 6 ) we have:
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Fovation ( 7 ) now takes the form:

E 99 r s Lol = fg P
| o
{ 10 ) H = [(nps~-hk)
K i l_ ||'. ] f
(11 ) ..r-n([:;s{-sqp:-(h#k-bkuhl.

7 = 3, Construction of the Points
Common to & Line and a2 Conice
Given by Five Popints When the
Coniec is not Drawn.

Let us now find { construct ) the voints of intersection of the
line

o
Y
with the conie thru the five points O A,r;, C, and D when the
conic is not drawn. Its equation is siven'( 9 3. e is the vector
perpendicular from point O to the given lipne. See Fig. 7 = 1 .
Fultiplying { © ) and { 1 } together we obtain:
L2 g £albi® =W

{2 3 L.z gF - oG

Splintering { 2 )} with the Cmega Proposition we obtain

I ] i

¥ F
{ 4 ) elinp al=hii)~Fqd= G.é - ga[ n P = B
iA s r
[5] iqf"ikr

ie A e r

Tguation { 4 ) may be written in the compact form:
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£ F ] = ai nﬁ -

; /
(&) r_:—:;.e-eninp’.s-h’.k:-.

) "
L and 0 are the comicrates of hand 0. Tee the end of section 1 - L
chapter one for the location of comigrates, Foth I and ¥ in equa-
tion ( 6 ) are known, P beinz @ inown vector and ¥ a known scalar,
Teuation ( 6 ) is an alpha type equation and its solution for 1 is
immediate., All referesnce vectors originate at point C on the conic.
Cne simply puts a circle on I as a diameter and with O &s a center
and ¥ as & radius cuts this eircle in points T,and T, ., This is the
mechanica 1 solution. . do not need the analytical solution here.
The lines OT, and OTypive us the directions of i . To get the direct-
ions of r from point © to the points where the given line cuts the
conic we see from the Ilutation Diagram that we must bisect the ang~
les between s and i . These two angles are known Since s is known
and we have just determined the two directions of i namely CT, and
T« We produce the bisectors of these two angles till they meet the
ziven line in the points where it meets the conic thru the five
points O, A, B, C, and D, There will be two, one, or no points of
intersection according as ¥ is greater than, =qual to, or less than
K. In projective geometry this construction is accomplished by find-
ing the double pointe of a projectivity.

As far as the auther is awesre no mechanical schemes for construct-
ing voints of intersection of 2 rmiven line with a conie given by
five points when the conic is not drawn have been devised sxcept
those of pure projective geometry and Mutation Gecmetry. For lMutation
fieometry ls it a histotical GO,

7 = Lk, Construction of a Tangent
From an External Foint to a
Conic CGiven by Five Points
When the Conic is not Drawm

While we are dealing with a conic thru five points we shall show
how to construct a tangent from an external point to the conic de=-
germ%nad by the five points when the conic is not drawn. See Fig.
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Let F be the given external point and r the vector from O to
the point of contact of the tangent with the conic, Let CE be the
perpendicular from O to the given tangent. We designate the unit
vegtor along OE by the letter e. Designate the wvector OF by the
letter f. One may now write the following equation:

(i A o8 S 8 aF

We now repeat equation { 9 ) of section: (7- 3 )
{2} teHum T B

From sguations { 1 } and { 2 ) one obtaind:

L3 ) i R e 1

(&) L = (fe®)lH = 86 .

Splintering equation { 3 ) by means of our Omega Proposition we
obtain the eguation:

i t ; . .
- (fee) {n v . F-h.F | -5 .3 =
A 2 P £l f
'.T.G'-[_a. = ES Ve B8 = 5 1 a
ipN8 T
b o ] JAR T
j}n.e r

“ouetion | 5 ) mar now be written in the compeet form:

t 71 el 2 . 8
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Tf wa are to have ore walue of r we will have ore =walue of j.

T™e cendition for thic is:

£ 10 ) B (¥ ee)
. * = If;q' * o t’?
{233 PR el (mp=<h) 2@ =@22i98inp-]

o P
{ 32 B b e ] T LU NS
T .
where 1 snd [ n 2 - h )} RKove Lhe same mepnitude and u makes the
i L p PR N
seme ansle with s as (n p -0 ) doss with ¢, This follows from
the motetion diasram since tha ancle thet = nakes with e is the
apme gnsle that & makes with 0, See Fiz, 7 - 3.
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Tet 4 be the znrle heiwesn s and e and bebwesn T.and &, Ies 7, a
“novn snole, he the ancle between 0 and [ a d - # ), Mo draw
veetor u 8o that the angle hatwesn s and u is sngle 7 then tha an-
7le batween u and e is the same as the angle hetwesn ( n n -1 )
and O namelvy A4 P ., custion [ 10 ) then hecomes:
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{ 15 ) i £ o
iAW e

Eguation { 14 ) may be put into prototype form:

{ 16 ) K ol = %
(17 ) 8z f{uf - 2Gu) ~ NN

e ® 4 2
{ 18 ) F I N +2CGu.f - uf - 2G.,

iguation { 16 ) is a prototype equation whose solution for 1 is
immediate either mechanically or analyticelly. Mechanically one
simply puts a circle on E as a diameter and with one end of this
dizmeter as a center and F as a radius cut this circls in two
voints determining two directions for the unit vector i , Cne
then, according to { 15 } , simply bisects the angles between f
and the two directions of in order to get the two directions

of e. From T the end of f one draws two perpendiculars to the
two directions of the e's which are the required tangents. There
will be two, one, or no tangents according as F, in eg. { 16 )

is less than, equal to, or greater than E, In the last case point
F is inside the conic,

7 - 5 A Conic Proverty

We shall show that the locus of the feet of the perpsndiculars
drawn from the focus of a conic to the tangents is a circle. This
is true for all conics whether circle, parabola, ellipse, or hyper-
bﬂl-‘.—l- SEE Figq ? o |€J- -

Figa T ~-4 .



Let F be a focus, I the point of contact of the tangent with
the conic, and N the foot of the perpendicular from F. Denote FK
by R and FN by r. Let & be the sensetized eccentricity aleong AB
the diameter of the conic.

We may now write the following equations, the first being the
equation of the conic, with s denoting the semi-perfolatum:

(1) R = e R ¢+s8

[ 2] ol o o

L]

Py eliminating B, from ( 1 ) and ( 2 ) one obtains:

(3) (e + sue') .8 = 1.

Differentiating { 1 ) and replacing d R by T one obtains:

. i
[il-] ‘I‘:-H:ErF

]
Zliminating R from { 3 ) and { 4 } one obtains the equation

* 2
{ & ) le=1)lr ¢ 2s8e.1r +# £ = 0
which is the equation of a circle,
When e equals 1 equation { 5 ) becomes the equation of a 9

straight line or completing the square in ( 5 ) one gets s / ( L-e )

for the radius of the circle and this becomes infinite when
2 is 1 which means arain that the circle,in the case of the
parabola,is a straight line. ~ Eanye nt

In most books on analytic geometry one/finds proven the
statement that the perpendiculars to the /tangents of & parabola
from -a focus meet the tanzents where theqcross the perpendicular
drawn to the parabola at the vertex., How different the ideas
expressed in equation { 5 ) which is a complete generalization
for all the conics. Generalization is the mode everywhere in the
New Science of Mutation Geometry,.

We shall use this gensralization to deal with conics when they
are given by five tangentd four tangents and the point of contact
on one of them, or three tangents and the points of contact on two
of them.

21z
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7 =6 A Conic Given by
Five Tangents, Four
Tangents and the Point
of Contact on one, Three
Tangents and the Point of
Contact on Two of them,

Find the center of a conie and its foci when the ccnic is
ziven by five tangents. See Fig. 7 =- 5 .

Figl T = 5 »

let a, b, c, 4, £ be the vectors dravn from an arbitrary origin
0 to the five given tangents.

Let U ans S be the wectors from O to the center and focus of the
conic respectively. Let h be the vector from the center of the con-
ic to the focus. %ﬁ the Fig. we have drawn only one tangent whose
perpendicular distance from O is a. Let r be the vector from the
center of the conic to the point of intersection of the perpendic-
ular from the focus F with the tangent. r then is the semi-major
axis of the conic from the previous section. Recalling that r, is
a constant, we may now write the following eguations:

(1) r:h+tao-s.a'

-—

4 = adhe- 8. 5a
[ 2 ) 8 2 U + h

Putting ( 2 ) into { 1 ) and squaring one obtains the relation:
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i 7
e 'z (a4h={U4hladqa)

(bsh=-(U+h).bb )"

Squaring and simplifying cone obtains the following expression:
. ' % ' s l = ' % > .
{ &4 ) { @l ) = (b0 } =(ah ) +#(bh} = 2{ a-b )U + b-a

Splinterinz the left side of [ L ) we obtain the expreasion:

(5) Pl d By =2 2laewb)a 5«0
(6 ) Pz (Ud- hi)/f2
(=7 3 ~Aa U FAa n

We may now writs three more eguations analogus to { 5 ):

{ 8) Pl & = g‘i s o & Lo ot gk
(9) Elawd) o 8{q«d 10 pd g™
tlﬂj Pi{i-fﬁ}l:z{a-f}-'ﬁ‘rfﬁh-ﬂ%i

Solving { 5 ) and ( 8 )} for P we obtain:

o) l —
11 ]} P oz ({m.U+n,) k- | m.Ustn ) k,0/ k, « ka
Jf“l i Pl
k, = {a-1b] K2 [ &='e']
ke = { &<=a) k.= {a*-f‘*',l
m =2{ a-=b) my = 2( a-c)]
my = 2{ a ~4d ) mg = 2 &=t )
H, & Hea n, = c-d
o - - E e
n, = d - a ny, = f-a.



Put ( 11 ) into { 9 ) and ( 10 } and we obtzin the two straight
lines:

(12 ) L.,U =z XM

(13 ) L. 0 & B
E = o E;. ko) ma= (ko ky) @~ | k . k) my
B o2 (%K) m;[k.mm,-tkl.k,_lm
¥ &R B Bt (5. ) m= (koo k) ng
¢ = (E.k)nt K, . lgé n-{k.Xk)n.

Hach piece in L, K, H, and G is constructible with a compass
end straight edge. The 1ntersection of the two lines ( 12 } and
{ 13 } determine ths vector U to the center of the conic. With
1l known equation ( 11 ) gives P. With the wvalue of U and P known
equation { 6 ), since 4 is known from the first part of { 7 1y
gives us the direction of ¥ . The second part of ( 7 ) then gi?es
the direction of h. Zquation ( & ) then pives the magnitude of h.
h is then knovm. With the values of U and h known eauatlﬂn (a3
then zives the wvectors S to the foci:

( 14 ) g 5N ok B

This last equation rives us evervthinz one would want to know
sbont the conic,

The sensetized eccentricity e is ziven by:
[ 15 ) e = h/r

If the conic is a parabola the ratio hb r, will be 1 both hs
and r, being infinite in length. Also ih this case the lines { 12 )
and { 13 ) will be parallel. If the conic is a circle h will be 0.
Accordine as haf r, is less than or greater than one we shall have
an elipse or an hfnerh@la.

ne recalls that 1, is the semi-mzjor diameter of the conic and
his the distance from the center to a focus. The semi-perfolatum
is miven by:

{ 16 ) s:[rt—’q}/rﬂ.

215



We have now found the rost important parts of the conic:
the vector U to its center, the vectors 5 to its focl, and the
eccentricity e. Mne mav now write its nrimitive aguation with

one focws as & reference point. It is
I-l’?} F:E:F".‘fﬂ

where 5 is the semi-perfolatum, In ( 17 ] ons has at his dispo-
sal the power to deal with just about any ﬁh se of the conic which
suits his fancy. Ve nay study the ﬁPOU“TﬁlEE of the conic or he
maw ner’ﬁrm any type of constr1crian that is a possible cne with
ense. "or example if one wishes to find the podinbs of interssetion
of & =iven line with this conic riven by five tincents the snswer
is iumediate. ILet the line be ~iven by

{ 18 ) Dol = I

fne simply divédas { 17 ) by [ 18 ) gettins the protvpe equabion

-

{ 1¢ ) Bogd ok
{ 20 } D = s 4 ke
To find ths bBrre valuss o © 1

{ 19 ) one simnly muts 2 circle on
0 ps & dlamater gend mith the focal end of O as g csnter & o radi
k cut the eircle on ) o= & metar iﬂ two points, Join these tuwe
noints to tha foecus znd nredues thase two lires till ther ﬂeet the
miven line in the two noints where it meets the conic smivan by the
five tan-ents. There will be two, one, or no solutions sccording
28 D is ~reater than, ecual teo, or less then k. The other condit-
ipns stated at the hecdint of this section may be dealt writh
in & similzar fashion.

In develeoping this asction we usec the pronerity Lhabt Lhe nar-
vendiculers from the fecus ret the teapents to the conie on the
circle on the major axis as a diameter. If k in ( 1& ] should be
the nervendiculsr to one of the tansents one would set the voint ol
conteet on the tangent out of the constructicon in ( 1% Ve iutsation
“eametry Is zaantable to ony previous knovledse one nev hiave in re-
svect to tha field of rcaometry; to extend it snd fto put it in 2 new
1irht.

In conventionzl sacgmetry the follewing proverty of a comic is
shorm: Hee Fiez, 7 - &8 , The dicgonals of 7 rusdrilstersl formed
by four tangents to conie hewe g commen noint rith the two lines
Joinine thelr noints of contact. Iet A%, ¥D, 37, and Fi be the
Tour tangents, Jet I, cnd ¥ be the noints of contact on AF apd =0,

216
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Firzi ? - 61

Iet Al) end 3F meet in F which,zccording o the ruoted provo-
gition, is on line W joinin~ the points of contact ! and M on
tonsents AF and FD respectively, If one draws & Tith tanvent as
G then,for the same resson,iC and £Y meat in G 2 point on I'F, IF
one has riven five tanvents to & conic then points E and O are
known and the line N4 determines the veinte of contset Fand ¥ on
the tenzents A% and 30, In like fashion one rav find the other
noints of contact on the other three tangents. It is narhaps oh-
vious by know that when the line IFE is knowr one may draw £s many
tansents to the conic as desired by drawins lines from points 4
and B which meet on N and when produced cut the tencents Al and
2K in points that form a tsngent when joined.

Then four tangents , such as AR, BD, DF, and FA and the noint
of contact on one of them as } on AF then one mey join I to &
which is known and thus the line I'N is agein determined.

If one has three tansents such as AB, BD, and F4 ond the points
of contact on two of them as M and N on AR and BD then the line
MM is once again determined. The line M is determinate whether
the eonic is given by fife tangents, four tangents and the point
of contact on one of them or by thres tangents and the points of
contact on two of them,

7 = 7-Tanrents to a Conic
From an Txternal Foint

Let it be reouired to construet the tangents from an external
point to a coniec ~iven by five tangents, four tengents snd the
point of contezct on one of them or by three tangents and the poi-
nts of contact on two of them. See Fip. 7 = 7 below.

let °} be the sxternzl point. Let AL, AB, and BN be three of
the oiven tangents with ¥ and I beinz the points of contzct on
Al and BN, Let c, d, end p be the perpsndicular distances from
4 to the lines A, BN, and MN respectively. let a and b be the
vectors from Q to A and B respectively. Let COE be one of the re-
ouired tangents with AD and BE crossing K at H. Let i, not shown
in the Fig. be the vector from Q to H. Let h be the vector along
the known direction NF from T to H where T, is the foot of the per-
pendicular p on MN, 2
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The follewing ecuations may be written:
{1} H:p"'hl

™

The eguation of the line thru the points B znd H is given by:

{ 2) (R-bJl.r = ba.E or
(3) (g+h)Yer =2 balpsh)
where 2 = p-D.

The eouation of the line thru the points A and M is:

(L) ¢ .r = c,



The solution to ( 3 ) and { L ) is :
o 4

’
(5) (ele+h)+b.(pehrIV/c.lg+h)or =B,

The equation of the line thru the points A znd H is

(&) (k4 h)Yer o aslpdn)

where k = p=a

The sguation of the line thru the points B and N is:

i

e LR -
The solution to ( 6 ) and { 7 ) is : .
5
(8) rzoz=a,(k+h)+a.(p-nM/d.(ksn)l.

O% 4n { 5 ) and QD in ( € ) are to coincide, This is gimen by;

{?j U.V:Do
ol ir o
{ 10 ) U = gleg+h)l-b.(péh]c.
&
{ 11 ) V = 4,(k¢h)+a.{peh)d.

Touation ( 9@ ) rives & quadratic in h,,the magnitude of h.
This determines two values of hy, and thus two locals for the
point H on MN thus determining two possible tangents from C,
There will be two, one, or no tengents from O according as the
guadratic gives two, one, or no roots for h, .

With this we bring to a close Futation Geometry's view of
the projective field. Our purpose in entering the projective
field was not to study the endless properties of the conics but
to show that Mutation Ceometry could do the projective field
with the same formulation as it used in analytiec and college
geometry. We are trying to illustrate the universality of the
FNew Science of Mutation Geometry.

Beckham Martin
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